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STUDY OF EARTH'S ATMOSPHERE 
By Raymond A .  Minzner 
INTRODUCTION 
This  summary r e p o r t  p re sen t s  t he  r e s u l t s  of s c i e n t i f i c  i n v e s t i g a t i o n s  
accomplished under NASA Contract  No. NASw-976. A v a r i e t y  of s c i e n t i f i c  prob- 
?ems r e l a t i v e  t o  S t u d i e s  of t h e  E a r t h ' s  Atmosphere were i n v e s t i g a t e d  and these  
r e s u l t e d  i n  t h e  gene ra t ion  of (1) two s c i e n t i f i c  r e p o r t s ,  (2) a number of un- 
publ ished r e p o r t s ,  and (3) one published j o u r n a l  a r t i c l e .  
1. PUBLISHED GCA TECHNICAL REPORTS 
Temperature Determination of Planetary Atmospheres (R. A .  Minzner, 
G. 0. Sauermann, and L. R. Peterson)  GCA Tech. R p t .  No. 64-9-N. 
Low Mesopause Temperatures over Eglin T e s t  Range Deduced from Density 
Data (R. A.  Minzner, G. 0. Sauermann, and G. A .  Faucher) GCA Tech. Rpt. 
NO. 65-1-N. 
2. UNPUBLISHED TECHNICAL REPORTS 
Atmospheric - S tr  uc t u r e  Da t a  . 
P l a n e t a r y  Atmospheres Generated from S o l a r  Radiat ion and Absorption 
Considerat ions.  
A n a l y t i c a l  I n v e s t i g a t i o n  of t h e  Existence of Successive Isopycnic Layers. 
Temperature Determination from Diffusion Data. 
Proposed T r a n s i t i o n  Model Atmospheres and Problems Associated with Their  
Generation. 
3. TECHNICAL PAPERS WHICH HAVE BEEN PUBLISHED BY (OR HAVE BEEN SUBMITTED TO) 
ACCREDITED SCIENTIFIC JOURNALS 
T i t l e  Journa 1 
Low Mesopause Temperatures over Eglin T e s t  Range J. Geophys. Res. 
Deduced from Density Data (R. A.  Minzner, G. 0. Feb. 1965 
Sauermann, and G. A.  Faucher). 
Temperature Determination of Planetary Atmos- J. Geophys. Res. 
pheres  (R. A .  Minzner, G. 0. Sauermann, and ( t o  be publ ished)  
L. R. Pe t e r son) .  
1 
For the purpose of t he  p r e s e n t  p u b l i c a t i o n ,  on ly  t h e  a b s t r a c t s  a r e  g iven  
The d e t a i l s  a r e  a v a i l a b l e  i n  t h e  o r i g i n a l  r e p o r t s  
of t h e  previously publ ished GCA Corpora t ion  t e c h n i c a l  r e p o r t s ,  and these  a r e  
presented  in t h e  appendix.  
f o r  
and 
and 
t h e  
t h e  i n t e r e s t e d  r e a d e r .  
i s  reproduced i n  i t s  e n t i r e t y  i n  t h e  appendix.  
The one publ i shed  j o u r n a l  a r t i c l e  i s  q u i t e  s h o r t  
The previously unpublished work c o n s t i t u t e s  t h e  main body of t h i s  r e p o r t  
i s  presented i n  cons ide rab le  d e t a i l  and scope bu t  n o t  n e c e s s a r i l y  wi th  
degree  o f  completeness which would b e  p re sen ted  i n  i n d i v i d u a l  s c i e n t i f i c  
r e p o r t s .  Since each work forms a s e p a r a t e  t o p i c  and can be adapted f o r  pub- 
l i c a t i o n  i n  i n d i v i d u a l  s c i e n t i f i c  r e p o r t s ,  each i s  presented  a s  an  e n t i t y ,  
The r e fe rences ,  equa t ions ,  and f i g u r e s  and t a b l e s  a r e  numbered s e r i a l l y  w i t h i n  
each work. I n  t h i s  format t h e  h i g h l i g h t s  of t h e  work accomplished under Con- 
t r a c t  NASw-976 can be presented  i n  a c l e a r  conc i se  manner and wi th  s u f f i c i e n t  
d e t a i l  t o  i n d i c a t e  t h e  a r e a s  remaining f o r  f u r t h e r  i n v e s t i g a t i o n .  Some of 
t h i s  ma te r i a l  has  prev ious ly  appeared i n  t h e  form of Q u a r t e r l y  Reports.  
2 
ATMOSPHERIC STRUCTURE DATA 
Introduct ion 
The i n i t i a l  a n a l y s i s  of t h e  atmospheric s t r u c t u r e  inc ludes  da t a  from 
o b s e r v a t i o n s  between 30 and 200 km a s  obtained from 32 r e c e n t  r o c k e t  f l i g h t s  
from 1961 t o  1964. No s a t e l l i t e  d a t a  were considered.  The prime purpose of 
t h i s  d i s c u s s i o n  i s  t o  provide t h e  t o o l s  and parameters u s e f u l  i n  t h e  a n a l y s i s  
and i n t e r p r e t a t i o n  of t he  d e n s i t y  d a t a .  
C l e a r l y ,  t h e  sys t ema t i c  f l u c t u a t i o n s  i n  atmospheric s t r u c t u r e  a r e  l i k e l y  
t o  be complicated f u n c t i o n s  of many e f f e c t s .  General ly  t h e s e  v a r i a t i o n s  a r e  
f u n c t i o n s  of a t  l e a s t  some of t h e  following v a r i a b l e s :  (1) s o l a r  a c t i v i t y ,  
(2)  l a t i t u d e ,  (3) t i m e  of day, (4) t i m e  of yea r  (as measured by t h e  d e c l i n a -  
t i o n  a n g l e  f o r  example), (5) angular  d i s t ance  from t h e  obse rva t ion  p o i n t  t o  
t h e  s u b s o l a r  po in t  (shortened t o  subsolar  a n g l e ) ,  and (6) p r e v a i l i n g  atmos- 
p h e r i c  convect ion c u r r e n t s .  Obviously these v a r i a b l e s  a r e  no t  a l l  independent. 
For a s t a t i s t i c a l  a n a l y s i s  one would l i k e  t o  use v a r i a b l e s  t h a t  a r e  n o t  s t r o n g l y  
c o r r e l a t e d  t o  desc r ibe  the  s t r u c t u r e  v a r i a t i o n s ,  and i t  is i n  t h i s  l i g h t  t h a t  
one might t r y  t o  choose which v a r i a b l e s  t o  use.  
C e r t a i n l y ,  one independent v a r i a b l e  is  s o l a r  a c t i v i t y ;  consequent ly ,  i t  
is of prime i n t e r e s t .  In t r e a t i n g  (2) through ( 6 )  it might be assumed t h a t  
t h e  atmospheric c u r r e n t s  are  independent of l ong i tude  and can be lumped wi th  
l a t i t u d e  v a r i a t i o n .  In a d d i t i o n ,  t h e  subsolar  ang le  v a r i e s  i n  t h e  same way 
t h a t  t i m e  of day v a r i e s  and depends t o  some e x t e n t  on t h e  d e c l i n a t i o n  ang le .  
Thus a r easonab le  s e t  of v a r i a b l e s  might be s o l a r  a c t i v i t y ,  l a t i t u d e ,  t i m e  of 
day, and d e c l i n a t i o n  angle .  
P o s s i b l e  smaller sets may a l s o  be considered;  i n  f a c t ,  it would be d e s i r -  
a b l e  t o  make t h e  set small enough s o  t h a t  t h e  a n a l y s i s  can be r ep resen ted  by 
only a few simple graphs.  It i s  u s e f u l ,  t h e r e f o r e ,  t o  consider  t h e  v a r i a b l e  
g iven  a s  t h e  angular  d i s t a n c e  t o  the  subsolar  po in t .  This parameter i s  i t s e l f  
a f u n c t i o n  of l a t i t u d e ,  time of day, and d e c l i n a t i o n  ang le  and could i n  some 
c a s e s  be s u b s t i t u t e d  f o r  t h e s e  v a r i a b l e s .  For example, one might f i n d  i t  use- 
f u l  t o  p l o t  t h e  d e n s i t y  a s  a f u n c t i o n  of s o l a r  a c t i v i t y  and subso la r  ang le .  
With t h e  except ion of t h e  convection c u r r e n t s ,  a l l  t h e  o t h e r  parameters 
suggested have been c o l l e c t e d  f o r  each of 32 r e c e n t  f l i g h t s  (see Table 1). 
Columns (1) through (8) g ive  t h e  v i t a l  s t a t i s t i c s  of t h e  launch i t s e l f  as  
w e l l  a s  t h e  measurement technique, a l t i t u d e  range of d a t a ,  and t h e  p r i n c i p a l  
i n v e s t i g a t o r .  The s o l a r . a c t i v i t y  i s  expressed i n  terms of t h e  10.7 cm f l u x  
( c p s ) - l )  as t a b u l a t e d  i n  Reference 1, wi th  t h e  
va lues  on t h e  day preceeding t h e  f l i g h t  and t h e  day of t h e  f l i g h t  appearing 
i n  Column (9).  Column (10) g ives  t h e  d e c l i n a t i o n  ang le  of t h e  sun on t h e  day 
of t h e  f l i g h t .  Columns (10) through (13) l i s t  t h e  parameters necessary f o r  
t h e  c a l c u l a t i o n  of t h e  subso la r  ang le  a. The d i s c u s s i o n  of t h e  s u b s o l a r  ang le  
and i t s  c a l c u l a t i o n  appearing below i s  an expansion of work p rev ious ly  done by 
Peterson [ZIT 
j o u l e s  m-2 . s e c - l  
"Numbers i n  [ ] throughout text i n d i c a t e  r e f e r e n c e  numbers. 
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REFERENCES FOR TABLE 1 
I 
I 
1. Nier, A. O . ,  J. H. Hoffman, C. Y. Johnson and J. C. Holmes, "Neutral 
Composition of t h e  Atmosphere i n  the 100 t o  200 k i lome te r  Range," J. 
Geophys. R e s . ,  69, 979 (1963). 
2. Schae fe r ,  E. J. and M. H. Nichols,  "Upper A i r  Neutral  Composition Measure- 
ments by a Mass Spectrometer," J. Geophys. R e s . ,  69, 4649 (1964). -
3. Pe te r son ,  J. W . ,  W. H. Hansen, K. D. McWatters and G .  Bonfant i ,  "Atmospheric 
Measurements over Kwajalein us ing  F a l l i n g  Spheres ,"  Univ. Michigan, Col lege 
of Engineering, F i n a l  Tech. Rpt . ,  ORA P r o j e c t  05436 (Jan. 1965). (Also 
Reference 7. ) 
4. Minzner, R. A . ,  G. 0. Sauermann and G. A.  Faucher, "Low Mesopause Tempera- 
t u r e s  over Eg l in  T e s t  Range Deduced from Density Data," J. Geophys. R e s . ,  
- 70, 739 (1965). 
5. Champion, K. S. W. and A. C. F a i r e ,  ' ?Fa l l ing  Sphere Measurements of Atmos- 
p h e r i c  Density,  Temperature and Pressure up t o  115 km," AFCRL-64-554, 
Environmental Res .  Pap. No. 34 (1964). 
6. Horvath, J. J., P r i v a t e  Communication (1965). 
7 .  Pe t e r son ,  J. W.,  P r i v a t e  Communication (1965). 
8. Smith, H., L. Katchen, P. Socher, P. Swartz and S. Theon, "Temperature, 
P r e s s u r e ,  Density,  and Wind Measurements w i th  the  Rocket Grenade Experi-  
ment 1960-1963," NASA Technical Report R-211, Washington, D.C. ( O c t .  1964). 
The u n i t s  employed i n  expres s ing  t h e  10.7 c m  f l u x  a r e  somewhat d i f f e r e n t  
from those employed by some photochemists.  
t he  conversion of u n i t s  of s o l a r  f l u x  is  a l s o  given. 
Consequently a s h o r t  d i s c u s s i o n  of 
I 
The Angular Distance from t h e  Subsolar  Po in t  i 
The subsolar  p o i n t  i s  t h a t  p o i n t  on t h e  s u r f a c e  of t h e  e a r t h  through 
which a t  any i n s t a n t  would pass t h e  l i n e  connect ing t h e  c e n t e r  of t he  e a r t h  
and t h e  cen te r  p o s i t i o n  of t he  sun a t  t h a t  i n s t a n t .  
tween t h i s  point  
t he  e a r t h ,  i s  known a s  a ,  the  angu la r  d i s t a n c e  from t h e  s u b s o l a r  p o i n t .  It 
has a maximum range of values  of 0 t o  +180°. 
1 
The angu la r  d i s t a n c e  be- 
and the o b s e r v e r ' s  l o c a t i o n ,  a s  measured from t h e  c e n t e r  of 
I 
I 
This v a r i a b l e  may be of use i n  examining upper atmospheric parameters, 
r eg ions  because of t he  low a i r  d e n s i t y .  There may, however, be s u b s t a n t i a l  
i n d i r e c t  e f f e c t s  because v a r i a t i o n s  i n  t h e  high atmosphere a r e  s t r o n g l y  de- 




although i t s  d i r e c t  e f f e c t s  a r e  l i k e l y  t o  be small i n  t h e  very high a l t i t u d e  1 
almost c e r t a i n l y  a func t ion  of t h e  sun ' s  ang le  wi th  r e s p e c t  t o  t h e  z e n i t h .  
In order t o  o b t a i n  a simple bu t  s a t i s f a c t o r y  approximate formula f o r  c a l -  
c u l a t i n g  the angular  d i s t a n c e  of t he  sun from z e n i t h ,  we assume a r o t a t i n g  
s p h e r i c a l  e a r t h  which i s  t r a v e l i n g  i n  a c i r c u l a r  o r b i t  about t h e  sun and whose 
s p i n  angular  momentum vector  makes a c o n s t a n t  ang le  y with r e s p e c t  t o  t h e  o r -  
b i t a l  angular momentum vec to r .  One can u s e  t h e  s p h e r i c a l  coord ina te s  shown 




x = R s i n  0 cos @ 
y = R s i n  8 s i n  0 




For convenience the  e a r t h  is defined a s  a u n i t  sphere r o t a t i n g  about  t he  
2 a x i s  wi th  the  sun 's  hour c i r c l e  i n  the x-z plane ,  i . e . ,  t he  plane def ined  by 
the  e a i t h ' s  a x i s  and the  sun i s  contained by the  x-z pla?e. Also,  two vec to r s  
A'and B ,  a s  shown i n  Figure 2 ,  a r e  defined. The vec tor  A p o i n t s  d i r e c t l y  a t  
t he  sun which is  assumed t o  be a t  some angle  eA = 90O-p i n  the  x-z p lane ,  t h e  
angle  @+being t h e  d e c l i n a t i o n  angle  discussed l a t e r  i n  t h e  development. The 
vec to r  B l o c a t e s  t h e  po in t  of observat ion f ixed  with r e s p e c t  t o  e a r t h  and i s  
t h e r e f o r e  r o t a t i n g  about t h e  z a x i s  descr ib ing  a cone. The cone ang le  i s  
e n t  noon and @B = (tn/24) 360° a t  any l a t e r  t i m e  t n  ( i n  hours  p a s t  apparent  
noon). 'Ihe ang le  is  She l a t i t u d e  of t h e  p o i n t  of observa t ion .  The ang le  
C! between vec to r s  A and B i s  obviously t h e  angular  d i s t a n c e  between t h e  sub- 
s o l a r  po in t  and t h e  zen i th  of t h e  observat ion poin t .  







The angle a! is  very easy t o  o b t a i n  from t h e  d o t  product  of d and g. Since 
1x1 = = 1, one has  t h e  expres s ion  
--f 
(2) L B  = T a g a  m cos a = 
I n  terms of the u 5 i t  bas+is v e c t o r s  2, T ,  
t h e  u n i t  vec to r s  A and B may be w r i t t e n  a s  
of a r e c t a n g u l a r  coord ina te  system 
X = i s i n  eA + E cos eA , 
+ A  
B = i s i n  e cos @ + 'j' s i n  eB s i n  @ + C; cos eB . B B B 
After transforming the  ang le s  by use of t h e  r e l a t i o n s  QB = 90° - eL and 
eA = 900 - p one o b t a i n s  
B '  cos a = s i n  eL s i n  p + cos  eL cos p cos  4 (3) 
where eL = l a t i t u d e  o f  t he  obse rva t ion  p o i n t  
f3 = d e c l i n a t i o n  angle  of t he  sun 
OB = (15 t,)' wi th  t n  i n  hours p a s t  appa ren t  noon. 
The d e c l i n a t i o n  ang le  p can be found a c c u r a t e l y  from a n a u t i c a l  almanac 
or  approximately from a n  equa t ion  r e s u l t i n g  from t h e  assumption of a c i r c u l a r  
o r b i t  around t h e  sun. 
b a s i c  formulas of s p h e r i c a l  tr igonometry i s  
The approximate equa t ion  a r i s i n g  o u t  of one of t h e  
where p = d e c l i n a t i o n  ang le  (- y < p < y )  
momentum vec to r  ( t a n  y = .4336) 
y = i n c l i n a t i o n  of e a r t h ' s  a x i s  w i th  r e s p e c t  t o  the  o r b i t a l  angu la r  
N = number of days p a s t  December 31. 
According t o  t h i s  simple equat ion the  d e c l i n a t i o n  a n g l e  becomes p o s i t i v e  a t  
N = 80, corresponding t o  t h e  March 2 1  equinox, and t u r n s  nega t ive  aga in  a t  
N = 263, corresponding t o  September 20. The f a l l  equinox i s  normally on 
September 22 b u t  t h i s  two-day discrepancy i s  n o t  s e r i o u s .  
Time i s  o r d i n a r i l y  recorded wi th  the  r e f e r e n c e  p o i n t  a t  midnight r a t h e r  
than a t  noon. I f  t he  s i g n  of cos (15 f+,) is  changed from + t o  - and t h e  t i m e  
tn is redefined a s  t ,  t h e  t i m e  i n  hours  p a s t  "apparent" midnight ,  ( i . e . ,  l o c a l  
apparent time), then Equation (3) becomes 
cos Q: = s i n  e s i n  p - cos eL cos p cos (15 t )  . (5) L 
8 
t a n  7 s i n  5 s i n  L 
Equation (5) i s  use fu l  f o r  hand c a l c u l a t i o n s  i f  s o l a r  d e c l i n a t i o n  angles  a r e  
obta ined  d i r e c t l y  from a n a u t i c a l  almanac, a s  was the  c a s e  f o r  t h i s  s tudy .  
Equation (6)  i s  p a r t i c u l a r l y  u s e f u l  f o r  a computer program handl ing a l a r g e  
number of rocke t  f l i g h t s .  
- 
360 (N-80) -36 5 - cos 6L cos (15 t )  
In t h e  d e r i v a t i o n s  of t he  preceeding equa t ions ,  s p h e r i c a l  geometry has  
been assumed throughout.  The l a r g e s t  net  e f f e c t  of t h i s  assumption is  t h a t  
t he  time t does no t  correspond t o  l o c a l  s tandard  t i m e  except  on average.  
Thus t o  avoid  e r r o r s  i n  rl of 5 O  - l oo  one must use the  c o r r e c t  va lues  of t .  
The parameter t i s  seen  t o  b e  a means for expres s ing  the  hour angle  of the  
sun with  r e s p e c t  t o  t h e  lower meridian of t h e  observ ing  s i t e ,  and corresponds 
t o  what, i n  astronomy, would be c a l l e d  t h e  l o c a l  a parent  t i m e  of the  rocke t  
launch r a t h e r  than t o  the  s tandard  mean t i m e  t s t d .  !i 
Local apparent  t i m e  i s  r e l a t e d  t o  s tandard mean t i m e  or zone time with 
two c o r r e c t i o n  terms, one involv ing  the l o c a t i o n  of t h e  observing s i te  r e l a -  
t i v e  t o  t h e  longi tude  of t h e  c e n t e r  of t h e  s t anda rd  t i m e  zone and another  i n -  
volving t h e  equat ion  of t i m e  which accounts f o r  t he  v a r i a t i o n  i n  the  r a t e  of 
t he  apparent  motion of t he  sun r e l a t i v e  to  the  e a r t h  a t  d i f f e r e n t  t imes of 
t he  year .  
When t h e  longi tude  c o r r e c t i o n  above is app l i ed  t o  t s td ,  t he  r e s u l t i n g  
time i s  c a l l e d  l o c a l  mean t i m e  t L m .  
c e n t e r  meridian o r  s tandard  meridian of a t i m e  zone, t he  va r ious  s o l a r  phe- 
nomena occur e a r l i e r  i n  s tandard  t i m e  than on t h e  c e n t e r  meridian.  For s i t e s  
w e s t  of t h e  s t anda rd  meridian t h e  same phenomena occur l a t e r  i n  s t anda rd  t i m e  
than on t h e  c e n t e r  meridian.  Every long i tud ina l  p o s i t i o n  wi th in  a t i m e  zone 
has  a d i f f e r e n t  va lue  of l o c a l  mean time t A m .  A t  each longi tude  tim leads  or  
l a g s  t s t d  by 4 minutes (or 1/15 hours)  for each degree displacement from the  
s tandard  meridian.  For si tes  e a s t  of the s t anda rd  meridian t h e  longi tude  
t i m e  c o r r e c t i o n  is  adCed t o  s tandard  mean t i m e  t o  y i e l d  l o c a l  mean t i m e .  For 
si tes west of t h e  s tandard  meridian the c o r r e c t i o n  is sub t r ac t ed .  On t h e  
s tandard  meridian t h e  two k inds  of t i m e  a r e  i d e n t i c a l .  S p e c i f i c a l l y  the  cor-  
r e c t i o n  term c o n s i s t s  of t he  product of the  r e c i p r o c a l  of t he  e a r t h ' s  a x i a l  
r o t a t i o n  r a t e  t i m e s  t h e  d i f f e r e n c e  between Ls,d t h e  longi tude  of t h e  s tandard  
meridian of t h e  t i m e  zone and Lo, t h e  longi tude of t h e  observers  s i te 
For s i t e s  a t  longi tudes  e a s t  of t he  
tam = t s t d  + 1/15 (Lstd - Los) , 
where tim and t s t d  a r e  i n  hours  and Ls td  and Lo, a r e  i n  degrees  of longi tude .  
* 
For a more comprehensive t rea tment  of the concepts  involved i n  t h e  d e f i n i t i o n s  
of t i m e  t h e  r eade r  i s  r e f e r r e d  t o  Reference 3. 
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I n  order  t h a t  Equation (7 )  may apply f o r  l ong i tudes  both east and west of 
Greenwich, i t  is  necessary t o  d e f i n e  a l l  l ong i tudes  e a s t  of Greenwich a s  nega- 
t i v e  numbers. 
I f  t h e  launch t i m e  i s  given a s  Greenwich Mean (Zulu) Time, conversion t o  
s t anda rd  mean (zone) time can be made i n  g e n e r a l  by t h e  fo l lowing  r u l e  of thumb: 
d i v i d e  t h e  longitude of t h e  launch s i t e  ( i n  deg rees )  by 15  and t ake  t h e  n e a r e s t  
whole number; s u b t r a c t  t h i s  number of hours  from t h e  Greenwich Mean Time of launch 
i f  t he  s i t e  is west of Greenwich o r  add i f  i t  i s  e a s t ;  a l s o  n o t e  whether t he  
d a t e  changes. 
a t l a s  [4] .  "here a r e  a number of except ions t o  t h e  r u l e ,  however. For con- 
venience,  the zone t i m e  of some a r e a s  i s  s h i f t e d  by one h a l f  o r  a f u l l  hour 
from t h e  expected zone t i m e .  Confusion r e s u l t i n g  from such l o c a l  v a r i a t i o n s  
can be avoided when applying Equation (7) i f  c a r e  i s  taken t o  make t h e  s t and-  
a r d  longi tude (Lstd) ag ree  with t h e  l o c a l  time f o r  t h a t  zone ( t s t d ) .  
of Kwajalein i s  167OE ( the  apparent  zone time f o r  165O f 7.5' i s  GMT + 11 h o u r s ) ,  
t he  zone t i m e  f o r  t h a t  a r e a  corresponds t o  180' f 7.5O(GMT + 12 h o u r s ) .  Thus, 
while  t h e  loca l  launch t i m e  i s  given i n  t e r m s  of GMT + 1 2 ,  t h e  launch a c t u a l l y  
occurs  one hour e a r l i e r  r e l a t i v e  t o  t h e  sun. 
no t  165' which i s  the  s t anda rd  meridian f o r  t h e  zone con ta in ing  t h e  Marshall  
Is lands.  
A l t e r n a t e l y ,  zone t i m e  can be determined e a s i l y  wi th  a good 
Kwajalein (Marshall I s l a n d s )  s e rves  a s  an example. Although t h e  long i tude  
LStd i n  t h i s  ca se  i s  180° and 
Another except ion i s  Ascension I s l and  (14OW). The a c t u a l  s t anda rd  meridian 
f o r  t h i s  zone i s  15OW (apparent zone time thus i s  GMT - 1 hour)  wh i l e  t h e  zone 
time f o r  t h a t  a r e a  corresponds t o  GMT. 
i s  -0.961 hours i f  t s t d  i s  taken a s  GMT. 
The c o r r e c t i o n  t e r m  (1/15 (Lstd - Los)) 
For s e v e r a l  r easons ,  t he  apparent  per iod of t h e  e a r t h ' s  r o t a t i o n  r e l a t i v e  
t o  t h e  sun i s  not  cons t an t  throughout t h e  yea r .  
t o  t h i s  e f f e c t :  (1) t h e  e c c e n t r i c i t y  of t h e  e a r t h ' s  o r b i t  about t h e  sun and 
(2)  t h e  angle between the  plane of t h e  e a r t h ' s  o r b i t  and t h e  plane of t h e  
e a r t h ' s  equator .  
a day, t h e  t i m e  between success ive  meridian t r a n s i t s ,  vary through t h e  yea r .  
Since our c i v i l  t i m e  
s o l a r  day, as i n d i c a t e d  by t h e  names "Standard Mean Time ' '  o r  "Local Mean Time," 
t h e  small  da i ly  d i f f e r e n c e s  accumulate,  and i n  gene ra l  t h e  sun l a g s  o r  l e a d s  
t h e  l o c a l  mean time by a q u a n t i t y  c a l l e d  t h e  equa t ion  of t i m e  teq with va lues  
up  t o  16 minutes i n  February and November. 
Two major f a c t o r s  c o n t r i b u t e  
The r e s u l t  of t h i s  v a r i a b l e  pe r iod  i s  t o  make t h e  l eng th  of 
systems a r e  based on the  average o r  mean l eng th  of a 
The s u n ' s  t r a n s i t  of t h e  l o c a l  meridian determines l o c a l  appa ren t  noon, 
and i s  t h e  b a s i s  of l o c a l  apparent  time. During pe r iods  when the  sun l a g s  
meaIl t i m e ,  s u b t r a c t e d  from l o c a l  mean t i n e  t~ y i e l d  l m a l  a---cnt yyUL .c timn C - L L L L C .  
equa t ion  of t i m e  i s  approximated by F igu re  3 and may be ob- 
t a i n e d  accu ra t e ly  f o r  any p a r t i c u l a r  day from a s u i t a b l e  almanac. 
t hen ,  i n  order t o  o b t a i n  l o c a l  apparent  t i m e  t i n  hours one uses  
S p e c i f i c a l l y  
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Thus the l o c a l  apparent  time does n o t  ag ree  wi th  s t anda rd  t i m e  except  when 
t h e  sum of the two c o r r e c t i o n  terms i s  zero .  The da ta  of Figure 3 app l i ed  t o  
Equation (8) shows the  fol lowing:  (1) f o r  a narrow reg ion  wi th in  about  1 - 1 / 2 O  
of t he  s tandard meridian,  t h i s  s i t u a t i o n  (t = t s t d )  may ex i s t  on f o u r  d i f f e r e n t  
days throughout a yea r ;  (2) f o r  reg ions  where I (Lstd - Los) I i s  g r e a t e r  than  
about  4O, loca l  apparent  t i m e  i s  never equal  t o  s t anda rd  t ime;  and (3)  f o r  i n -  
te rmedia te  regions t h e  l o c a l  apparent  t i m e  may equal  s t anda rd  t i m e  on only  two 
days of t h e  year .  
While i n  t h e  p re sen t  s tudy ,  va lues  f o r  t he  equat ion  of time ( t eq )  were 
taken  from a n a u t i c a l  almanac, approximate va lues  can be  obta ined  from t h e  
empir ica  1 formula 
t (sec)  2 97.8 s i n ( @ )  + 431.3 c o s ( @ )  - 596.6 s i n  (2@) 
eq  
+ 1.9 cos(20) - 41.0 s i n ( 3 a )  - 19.3 cos(3@) 
where 
@ = ( 365.272 360 ) (N-80.608) . 
N = t h e  number of days p a s t  December 31. The number (80.608) r e f e r s  t o  the  
t ime i n  days of t h e  occurrence of t he  ve rna l  equinox of a l eap  yea r .  For 
each year  a f t e r  a l eap  yea r ,  0 .25 i s  s u b t r a c t e d  from 80.608. 
For an accu ra t e  de te rmina t ion  of Q it  is  always necessary  t o  cons ider  
both t h e  longi tude c o r r e c t i o n  and t h e  equat ion-of- t ime c o r r e c t i o n .  Despi te  
t hese  co r rec t ions  t h e  va lues  of a a r e  n o t  a c c u r a t e  t o  b e t t e r  than about  2 
degrees  because t h e  e a r t h  r o t a t e s  a s u b s t a n t i a l  amount during t h e  rocke t  
f l i g h t  and because the  l a t i t u d e  and long i tude  of even a so -ca l l ed  v e r t i c a l  
sounding rocket  change s u b s t a n t i a l l y  du r ing  i t s  f l i g h t .  
Conversion of Uni t s  of So la r  Flux 
So la r  f l u x  va lues  i n  the  microwave r eg ions  ( i . e . ,  a t  10.7 cm) a r e  u s u a l l y  
given i n  terms of energy per u n i t  a r ea  per u n i t  t i m e  p e r  u n i t  frequency. For 
example values of s o l a r  f l u x  a r e  given i n  Reference 1 i n  terms of soltie Liumbei- 
t i m e s  I n  the u l t r a v i o l e t  r eg ion  va lues  of 
s o l a r  f l u x  a r e  f r e q u e n t l y  given i n  terms of energy per u n i t  a r e a ,  p e r  u n i t  
t i m e ,  per  u n i t  wavelength; i . e . ,  e r g s  cm-2 s e c - l  @)-I. In  o rde r  t h a t  t h e  
r e l a t i v e  magnitudes f o r  t h e  s o l a r  f l u x e s  i n  t h e  s e v e r a l  reg ions  may be com- 
pared s imi l a r  u n i t s  must be employed. Conversion from one se t  of u n i t s  t o  
j o u l e s  m-2 s e c - l  ( cps ) - l .  
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t he  o t h e r  i s  based on t h e  fol lowing:  
t 
I 
where X = wavelength, v = frequency and c i s  t h e  v e l o c i t y  of propagation. 
D i f f e r e n t i a t i o n  of Equation (10) y i e l d s  
E l imina t ing  v between Equations (10) and (11) and expres s ing  t h e  d i f f e r e n t i a l s  
a s  f i n i t e  increments ,  w e  have 
I f  t h e  wavelength u n i t  i s  18, LWAv = 0.382 (Xlcps).  
responds t o  2.62 cps and 
Thus a t  10.7 cm, 18 cor -  
-1 100 x j o u l e s  m-2 s ec  ( c p s > - l  = 
-2 -1 - 1 7  -2  e r g s  c m  sec  ( cps ) - l  = 2.62 x 10 e r g s  c m  sec-'(I)-' . 
The energy per photon a t  10.7 c m  is 
-17 -1 - -  hc - = 1.86 x 10 e r g s  (photon) 
X 10.7 
It fo l lows  t h a t  
(15) 
-2 -1 -1 e r g s  cm s e c  ( c p s ) - l  = 0.538 photons cm-2 sec (cps)-'  
and 
-2 -2 - 2  2.62 x e r g s  cm sec-'  = 1.41 x 10 photons cm sec-' (X)-l 
(16) 
In  summary the  10.7 cm f l u x  s whose numerical va lue  is 100 i s  e q u i v a l e n t l y  
expressed i n  any of t h e  fol lowing values 
-1 
LOO x j o u l e s  m-2 s e c  (cps1-l  
1 x 1 0 - l ~  e rgs  cm s e c  ( c p s ) - l  
2.62 x e r g s  cm sec-'  ( X ) - l  
0.538 photons c m  s e c  (cps)-' 
-2 -1 
-2 
- 2  -1  
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PLANETARY ATMOSPHERES GENERATED FROM SOLAR RADIATION 
AND ABSORPTION CONSIDERATIONS [ 1 ] 
Introduction 
The prediction of reentry trajectories of artificial earth satellites and 
interplanetary space vehicles, as well as the solution of various problems in 
atmospheric physics requires a knowledge of the variation of the distribution 
of the atmospheric density versus altitude, as a function of the many variable 
parameters influencing such a profile. The complete measurement of the earth's 
density field for any particular situation would be a suitable but prohibitively 
costly and unlikely solution. In lieu of such a capability, it would be desir- 
able to be able to predict, with reasonable accuracy, the density-altitude pro- 
file as a function of the variable parameters influencing this profile. 
A number of the variable parameters frequently recognized include the sev- 
eral earth-centered parameters, latitude, season, and time of day. These are 
basically related to a single general parameter, the magnitude and direction 
of solar radiation into the earth's atmosphere. Thus, a model developed in 
terms of such a general overall parameter might well provide the basis of a 
reliable predictive model. Nicolet [ 2 ]  has shown how lumped values of solar 
uv radiation, lumped values of absorption cross section, and lumped values of 
conductivity coefficient may in principle be combined to compute an altitude 
profile of scale height according to the variations in uv solar radiation. 
Such profiles could then serve as the definition of an entire system of model 
atmospheres. Nicolet presented such a system of models in a Smithsonian pub- 
lication [ 3 ]  which contained only a vague discussion of the method for develop- 
ing the temperature profiles. He also presented a much more extensive listing 
of the same system of models in an unpublished document [ 4 ]  in which the ab- 
sorption and conductivity concepts were discussed in some detail. References 
[ 3 ]  and [ 4 ]  imply that absorption, conductivity, and reradiation considerations 
determined the temperature-altitude profiles, although no specific equation is 
given. (A private communication [ 5 ]  has since determined that the basic noon- 
day temperature-altitude profile of the Nicolet models was not calculated from 
any specific equation, but rather was produced empirically.) The study of the 
Nicolet papers, however, has led the writer to a refinement of the Nicolet 
method, and to an equation which does serve as the basis for the generation of 
a complete static model atmosphere in terms of the following: 
(1) solar radiation expressed as the mean value within successive bands 
as narrow as 18 or less over the significant wavelength region; 
(2) radiation-absorption cross sections of each atmospheric species for 
each of the successive narrow bands of radiation into which the solar spectrum 
has been divided; and 
(3) atmospheric conductivity which varies with altitude in accordance 
with the variation of the relative composition as deduced by the computed tem- 
perature-altitude profile. 
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I n  i t s  present  form, t h i s  model, u n l i k e  t h e  H a r r i s  and P r i e s t e r  model 161, 
does n o t  account f o r  d i u r n a l  v a r i a t i o n s  such a s  changing ang le  of  inc idence  of 
t h e  s o l a r  r a d i a t i o n  and v e r t i c a l  mass t r a n s p o r t  due t o  d i u r n a l  h e a t i n g  and 
coo l ing .  More c o r r e c t l y  than i n  t h e  H a r r i s  and P r i e s t e r  model, t h i s  model con- 
s i d e r s  t h e  p r o p e r  space d i s t r i b u t i o n  of a tmospheric  h e a t  sources  on t h e  b a s i s  
of t h e  s o l a r  r a d i a t i o n  spectrum i n  narrow wavelength-band increments  and by 
t h e  use of r e l a t e d  measured abso rp t ion  c r o s s  s e c t i o n  c o e f f i c i e n t s  f o r  each 
s p e c i e s  f o r  the corresponding narrow wavelength-band increments .  Har r i s  and 
P r i e s t e r ,  on the  o the r  hand, t ake  an e s t ima ted  s i n g l e  e f f e c t i v e  f l u x  and co r -  
responding est imated s i n g l e  mean c r o s s - s e c t i o n  c o e f f i c i e n t s  f o r  each s p e c i e s ,  
General  Concepts 
The tempera ture-a l t i tude  p r o f i l e  of a s t a t i c ,  h o r i z o n t a l l y  symmetr ical ,  
p l ane ta ry  atmosphere i s  dependent upon: (1) s i z e  and v e r t i c a l  d i s t r i b u t i o n  of 
h e a t  sources  and s i n k s ;  ( 2 )  v a r i e t i e s  and v e r t i c a l  d i s t r i b u t i o n  of t h e  gas  spe-  
c ies  comprising the  atmosphere,  and hence determining t h e  a l t i t u d e  v a r i a t i o n  
of t h e  thermal conduc t iv i ty  c o e f f i c i e n t ;  and (3)  t h e  va lue  of t h e  a c c e l e r a t i o n  
of g r a v i t y  which, a long  wi th  t h e  temperature  p r o f i l e ,  c o n t r o l s  t h e  a l t i t u d e  
d i s t r i b u t i o n  of t he  s e v e r a l  spec ie s .  The s i z e  of t h e  p o s i t i v e ,  v e r t i c a l ,  t e m -  
p e r a t u r e  g rad ien t  a t  any p a r t i c u l a r  a l t i t u d e  i n  t h e  thermosphere i s  p r o p o r t i o n a l  
t o  t h e  downward f l u x  of thermal energy i n  t h a t  r eg ion ,  and i n v e r s e l y  propor- 
t i o n a l  t o  the  square  r o o t  of t h e  temperature  a t  t h a t  a l t i t u d e .  
The hea t  sources  comprise two major types :  corpuscular  r a d i a t i o n  and ex- 
c i t e d  t e r r e s t r i a l  gas molecules o r  atoms. Corpuscular r a d i a t i o n  c o n s i s t s  of 
va r ious  high-energy p a r t i c l e s  which come from t h e  sun a s  w e l l  a s  from i n t e r -  
s t e l l a r  space and which a r e  t rapped i n  t h e  e a r t h ' s  atmosphere. 
energy of these p a r t i c l e s  may be cons idered  t o  be a k ind  of thermal f l u x  i n t o  
t h e  top  of the atmosphere. 
The k i n e t i c  
The second and perhaps more important  h e a t  source  c o n s i s t s  of t e r r e s t r i a l  
gas  molecules o r  atoms which have absorbed s o l a r  r a d i a t i o n  p r imar i ly  i n  t h e  uv 
r e g i o n ,  i n  such a way t h a t  t he  r a d i a t i o n  i s  converted t o  thermal o r  k i n e t i c  
energy. The gas  molecules near  t he  top of t h e  atmosphere,  where t h e  s o l a r  r a -  
d i a t i o n  f l u x  i s  t h e  g r e a t e s t ,  have t h e  g r e a t e s t  p r o b a b i l i t y  of absorb ing  a 
photon of r ad ian t  energy. Consequently,  t h e  mean k i n e t i c  energy p e r  p a r t i c l e  
a t  any i n s t a n t ,  i . e .  t h e  temperature  a t  any i n s t a n t  i n  a u n i t  volume, i n c r e a s e s  
wi th  inc reas ing  a l t i t u d e ,  while  t he  p o s i t i v e  temperature  g r a d i e n t  decreases  
toward ze ro  because of a s imul taneous ly ,  exponen t i a l ly  i n c r e a s i n g  mean f r e e  
path and r e l a t e d  cons ide ra t ions .  Thus, a t  a s u f f i c i e n t l y  h igh  a l t i t u d e ,  above 
500 km, one f i n d s  a high-temperature  near - i so thermal  l a y e r  which Nico le t  [ 4 ]  
c a l l s  t h e  thermopause. 
A t  lower a l t i t u d e s ,  c l o s e  t o  t h e  base  of t h e  thermosphere,  most of t h e  uv 
r a d i a t i o n  from the  sun has  a l r eady  been absorbed,  and very few of t h e  p a r t i c l e s  
i n  any u n i t  volume absorb any photons of r a d i a t i o n .  Consequently,  i n  t h e  lower 
r eg ion  of the thermosphere,  t h e  temperature  a t  any i n s t a n t  tends  t o  remain low. 
In  t h e  s t e a d y - s t a t e  equ i l ib r ium cond i t ion ,  any time-dependent bu i ldup  of t h e  
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temperature  i s  prevented by the  cont inuing thermal f l u x  from high-temperature  
r eg ions  a t  h igh  a l t i t u d e s ,  t o  low-temperature r eg ions  a t  lower a l t i t u d e s ,  and 
t o  t h e  h e a t  s i n k s  which become inc reas ing ly  numerous a s  a l t i t u d e  decreases .  
The h e a t  s i n k s  c o n s i s t  of gas  molecules o r  atoms which a r e  capable  of re- 
r a d i a t i n g  by some s p e c i f i c  r a d i a t i o n  process,  some f r a c t i o n  of t h e i r  energy a t  
a longer  wavelength (lower energy photon) than t h a t  of t h e  o r i g i n a l l y  absorbed 
energy. The wavelengths of t h e  more important of t hese  r e r a d i a t i o n  processes  
co inc ide  wi th  r eg ions  of atmospheric t ransmiss ion ,  so t h a t  much of t h i s  r e r a d i -  
a t i o n  energy is u l t i m a t e l y  l o s t  t o  outer  space.  Only s p e c i f i c  p a r t i c l e  s p e c i e s  
a r e  capab le  of such a d i r e c t  energy-loss  process .  A t  any g iven  a l t i t u d e ,  how- 
ever, the  t o t a l  energy per u n i t  volume tends t o  become d i s t r i b u t e d  among a l l  
t h e  p a r t i c l e s  of t h a t  volume, and hence each p a r t i c l e  c o n t r i b u t e s  energy in -  
d i r e c t l y  t o  the  s p e c i f i c  r a d i a t i o n  process .  Thus, i n d i r e c t l y ,  a l l  p a r t i c l e s  
may be considered a s  h e a t  s i n k s ,  and some energy l o s s  occurs  a t  a l l  a l t i t u d e s .  
Because of  t he  very small  number dens i ty  a t  high a l t i t u d e s ,  t h e  energy l o s s  i s  
n e g l i g i b l y  small  a t  the  thermopause b u t ,  a s  a l t i t u d e  decreases ,  and p a r t i c l e  
number d e n s i t y  inc reases ,  t he  energy loss  inc reases  very r a p i d l y  t o  s i g n i f i c a n t  
amounts near  t he  base  of t he  thermosphere. 
The d i f f e r e n c e  between the  d i f f e r e n t i a l  energy abso rp t ion  and the  d i f f e r -  
e n t i a l  energy r e r a d i a t i o n  i n  any d i f f e r e n t i a l  a l t i t u d e  increment may be ex- 
pressed  mathematical ly  and equated t o  t h e  d i f f e r e n t i a l  thermal-energy f l u x  
through t h a t  l aye r .  This express ion ,  a f t e r  s u i t a b l e  i n t e g r a t i o n ,  i s  i n  t u r n  
r e l a t e d  to  the  s c a l e  he igh t  and sca le -he ight  g r a d i e n t  by means of an appropr i a t e  
c o n d u c t i v i t y  c o e f f i c i e n t  of t h e  composite atmosphere. An a d d i t i o n a l  i n t e g r a t i o n  
f i n a l l y  y i e l d s  an  express ion  f o r  the square r o o t  of s c a l e  h e i g h t  a s  a func t ion  
of a l t i t u d e  i n  t e r m s  o f :  (1) t h e  s c a l e  h e i g h t  a t  t h e  base o r  r e fe rence  l e v e l ,  
which sca l e -he igh t  va lue  i s  i n f e r r e d  from a set  of assumed boundary cond i t ions ,  
i . e . ,  t he  number dens i ty  of each of t he  atmospheric cons t an t s  and t h e  tempera- 
t u r e ;  (2) t h e  t o t a l  s o l a r - r a d i a t i o n  f lux  a t  t he  top  of t h e  atmosphere i n  each 
success ive  narrow wavelength band; (3)  the  abso rp t ion  c ros s - sec t ion  c o e f f i c i e n t s  
of t he  i n d i v i d u a l  spec ie s  of gases  i n  each of t h e  s e p a r a t e  wavelength bands; 
( 4 )  t h e  r e r a d i a t i o n  c o e f f i c i e n t s  f o r  each of t hese  s p e c i e s  i n  each success ive  
narrow wavelength band i n  t h e  reg ion  of r e r a d i a t i o n ;  and ( 5 )  t he  corpuscular  
(high energy p a r t i c l e )  r a d i a t i o n  f l u x  in to  t h e  top  of t h e  atmosphere. This 
equat ion  then permi ts  t he  c a l c u l a t i o n  of s c a l e  h e i g h t  f o r  small a l t i t u d e  in -  
crements by means of an i t e r a t i v e  process which s imultaneously y i e l d s  number- 
d e n s i t y  va lues  of  t h e  s e v e r a l  s p e c i e s  for  t hese  same a l t i t u d e  increments.  
Other s tandard  equat ions  then permit the c a l c u l a t i o n  of an e n t i r e  model 
atmosphere . 
A s  sump t ions  
For s i m p l i c i t y ,  t he  thermal-f lux equat ion used i n  t h e  development of t he  
f i n a l  s ca l e -he igh t  equat ion  is  based on t h e  assumption t h a t  t h e  s o l a r - r a d i a t i o n  
f l u x  i s  d i r e c t e d  only  v e r t i c a l l y  downward and t h a t  t h e  h o r i z o n t a l  component of 
thermal conduc t iv i ty  i s  zero.  These assumptions imply a s t a t i c  s e m i - i n f i n i t e -  
plane atmosphere wi th  an overhead sun  located a t  i n f i n i t e  h e i g h t .  This  
1 7  
assumption i s  not mandatory, and t h e  method may be extended t o  inc lude  d i u r n a l  
va r i a  t ion .  
A f u r t h e r  assumption i s  t h a t  each gas  s p e c i e s  has  a v e r t i c a l  d i s t r i b u t i o n  
dependent only upon i ts  own molecular  mass, t h e  t empera tu re -a l t i t ude  p r o f i l e ,  
and g r a v i t y ;  thereby ,  complete d i f f u s i v e  h y d r o s t a t i c  e q u i l i b r i u m  i s  i m p l i c i t .  
The a p p l i c a t i o n  of t h e  method i s  consequent ly  r e s t r i c t e d  t o  a l t i t u d e s  where 
mechanical mixing h a s  a n e g l i g i b l e  i n f l u e n c e  on t h e  s p e c i e s  d i s t r i b u t i o n ;  i . e . ,  
above 130 o r  140 km. The theory  a s  p r e s e n t l y  developed does n o t  account  f o r  
changes i n  composition due t o  d i s s o c i a t i o n  of d ia tomic  molecules  , a l though t h e  
energy absorbed by such d i s s o c i a t i o n  processes  i s  accounted f o r .  No g r e a t  
change i n  composition above 150 km r e s u l t s  from t h i s  assumption s i n c e  most of 
t h e  02 t o  0 d i s s o c i a t i o n  occurs  a t  a l t i t u d e s  below t h i s  level.  
A l l  energy r e r a d i a t e d  (p r imar i ly  i n  t h e  i n f r a r e d  r eg ion  o f  t h e  spectrum) 
i s  assumed t o  be  completely l o s t  t o  o u t e r  space s i n c e  no in t e rmed ia t e  reabsorp-  
t i o n  i s  accounted f o r  i n  t h e  p r e s e n t  form of t h e  theory .  N ico le t  [2 ]  s t a t e s ,  
however, t h a t  f o r  a l t i t u d e s  above about  150 km, t h e  I R  l o s s  i s  small compared 
wi th  t h e  uv abso rp t ion ,  and consequent ly  i n a c c u r a c i e s  i n  t h a t  p o r t i o n  of  t h e  
sca l e -he igh t  equat ion  which cons ide r s  I R  r e r a d i a t i o n  do n o t  s e r i o u s l y  i n f l u e n c e  
t h e  model, when c a l c u l a t i o n s  a r e  r e s t r i c t e d  t o  s u f f i c i e n t l y  h igh  a l t i t u d e s .  I n  
f a c t ,  under these  c o n d i t i o n s ,  t h e  IR-loss t e r m  may i n  some i n s t a n c e s  be  e n t i r e l y  
omi t ted .  
Summary of Equat ion Development 
I n  p a r t i c u l a r ,  t he  method depends upon t h e  expres s ion  of two q u a n t i t i e s :  
(1) t h e  incremental  amount of energy e x t r a c t e d  from C I j ( h )  M. t h e  summation 
of t h e  f l u x  of a l l  wavelength bands j of s o l a r  r a d i a t i o n  pass ing  through e le -  
mental  volume (cm2 dh) a t  level  h of a v e r t i c a l  cm2 - column of  a p l a n e t a r y  
atmosphere conta in ing  va r ious  s p e c i e s  of gas  i ,  and (2) t h e  incremental  amount 
of energy r e r a d i a t e d  from t h e  same e lementa l  volume of atmosphere by t h e  t o t a l  
number of molecules of each s p e c i e s  i n  t h a t  e lementa l  volume. 
J J 
The incremental  amount of energy e x t r a c t e d  dEex by Ti t h e  t o t a l  number 
of molecules of  va r ious  s p e c i e s  i w i t h i n  t h e  volume (cm2 dh) of  t h e  i n c r e -  
mental  cm2 column i s  
where ai i  i s  t h e  e f f e c t i v e  c r o s s  s e c t i o n  of  s p e c i e s  i f o r  wavelength band j .  
J 
The incremental  r a t e  of energy r e r a d i a t i o n  d(E ) .  w i t h i n  wavelength band re  J j by t h e  molecules of va r ious  s p e c i e s  i w i t h i n  incremental  volume (cm2 - dh) i s  
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where Ri j  i s  t h e  r a d i a t i o n  r a t e  per  molecule of s p e c i e s  i i n  wavelength band j .  
w i t h i n  t h e  wavelength band j averaged over a l l  molecules a t  any h e i g h t  h ,  we 
have 
Defining E . ( h )  a s  t h e  average value of t h e  r a d i a t i o n  r a t e  per  molecule 
t h e  q u a n t i t y  E- is a f u n c t i o n  of 
each i n d i v i d u a j l y  func t ions  of h 
h. 
h s ince  n i  and a l l  of t h e  q u a n t i t i e s  R i j  a r e  
i n  accordance with t h e  r a d i a t i o n  f l u x  a t  level 
E l imina t ing  R i j  between Equations ( 2 )  and (3) w e  have 
The d i f f e r e n c e  between t h e  d i f f e r e n t i a l  r a t e s  of energy e x t r a c t i o n  from 
t h e  s o l a r  beam and t h e  energy r e r a d i a t i o n  (presumably t o  o u t e r  space o r  t o  
t h e  ground) is dE t h e  d i f f e r e n t i a l  energy a v a i l a b l e  f o r  h e a t i n g  t h e  d i f f e r e n -  
t i a l  volume, 
Applying t h e  concepts of o p t i c a l  depth T and Beers law, and i n t e g r a t i n g  
over t h e  cm2-column from h t o  y i e l d s  E(h) t h e  t o t a l  r a t e  of n e t  energy ab- 
s o r p t i o n  over t h e  e n t i r e  crn2-column from h t o  i n f i n i t y ,  [ e r g s  (cm2-column)" 
sec-11 
E(h) = E(m)  + C I . ( m )  M [l - e -Tj(h)]  - C E.(h) M ~ ~ ( h )  , ( 6 )  
J J  j J J  j 
where 
i s  a kind of average r a d i a t i o n - r a t e  c o e f f i c i e n t  which v a r i e s  more slowly wi th  
a l t i t u d e ,  than R i j  (h) .  
The t e r m  E ( m )  appears  a s  a r e s u l t  of i n t e g r a t i o n  l i m i t s  and r e p r e s e n t s  
any thermal energy f l u x  through t h e  outer  "surface" of t h e  p l a n e t a r y  atmos- 
phere.  
p l a n e t  such t h a t  i t s  s i g n  w i l l  be p o s i t i v e  and such t h a t  i t s  d i r e c t i o n  impl i e s  
I f  such f l u x  e x i s t s  a t  a l l ,  it most l i k e l y  i s  d i r e c t e d  toward t h e  
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a p o s i t i v e  temperature g r a d i e n t  a t  t h e  e x t r e m i t i e s  of t h e  p l a n e t a r y  atmosphere.  
Consider ing i t  t o  be corpuscular  i n  n a t u r e  i t  i s  h e r e a f t e r  des igna ted  by C(Q)). 
For an overhead sun,  each cm2-column of p l a n e t a r y  atmosphere i s  hea ted  i n  
a manner i d e n t i c a l  t o  t h a t  of t h e  a d j a c e n t  columns, and no n e t  h e a t  conduct ion 
takes  p l ace  from one column t o  t h e  next .  A f t e r  a quas i - thermal  e q u i l i b r i u m  
s t a t e  h a s  been e s t a b l i s h e d ,  increments of absorbed energy produce a thermal  
f l u x  which cannot be d i r e c t e d  upward s i n c e  a nega t ive  temperature  g r a d i e n t  h a s  
n o t  been observed i n  t h e  thermosphere. The thermal  f l u x  must be  d i r e c t e d  down- 
ward, and E the t o t a l  number of e r g s  per  sec f lowing down through any cm2- 
column a t  l eve l  h i s  equal  t o  t h e  t o t a l  number of e r g s  per  second absorbed a s  
h e a t  i n  t h e  e n t i r e  column above level  h ;  i . e . ,  from h t o  w. 
The thermal f l u x  E a t  level h i s  r e l a t e d  t o  thermal  conduc t iv i ty  A ,  t e m -  
p e r a t u r e  T,  and temperature  g r a d i e n t  dT/dh a t  level  h accord ing  t o  
E = -A(h) T’ dT/dh . (8 1 
I n  t h i s  express ion  t h e  nega t ive  s i g n  i n d i c a t e s  t h a t  t h e  d i r e c t i o n  of f l u x  i s  
downward, i . e . ,  oppos i t e  t o  t h e  d i r e c t i o n  f o r  which , i nc reas ing  va lues  of h a r e  
p o s i t i v e .  For t h e  c a s e  of a s ing le -gas  atmosphere,  t h i s  thermal f l u x  may a l s o  
be  r e l a t e d  t o  geopo ten t i a l  s c a l e  h e i g h t  H‘ and i t s  v e r t i c a l  g r a d i e n t  dH‘/dh by 
d i r e c t  t ransformat ion ,  
E = -B(h) * (HI)’ * dH‘/dh , (9 1 
where, f o r  an atmosphere of  unvarying composi t ion,  B i s  a c o n s t a n t  t i m e s  A .  
( I n  a mult igas  atmosphere where composition v a r i e s  wi th  a l t i t u d e ,  t h e  va lue  of 
€3 i s  dependent upon t h e  vary ing  mean molecular  mass i n  accordance wi th  Equa- 
t i o n s  (23)  and ( 2 4 ) . )  
The downward thermal f l u x ,  o u t  of t h e  bottom of t h e  cm2-column which i s  
absorb ing  r a d i a t i o n  a s  expressed by Equation ( 6 ) ,  i s  i d e n t i c a l  t o  t h e  thermal  
f l u x  a s soc ia t ed  wi th  t h e  sca l e -he igh t  g r a d i e n t  of Equation ( 9 ) .  Equating t h e  
a b s o l u t e  magnitudes of t h e  two expres s ions ,  t h e r e f o r e ,  performing some a lge -  
b r a i c  manipulat ions,  and i n t e g r a t i n g  between level  hb and level  ha (where 
ha > h b ) ,  we o b t a i n  an  express ion  f o r  s c a l e  h e i g h t  a t  level  a i n  terms of 
s c a l e  he igh t  a t  l e v e l  b y  and i n  terms of the change i n  o p t i c a l  depth between 
l e v e l s  a and b f o r  each of t h e  va r ious  wavelength bands involved i n  t h e  ab- 
s o r p t i o n  and r e r a d i a t i o n  phenomena: 
I.(w) M j  {(In Tj (b)  
J 
- E i  [ - T .  ( b ) ] )  - (Rn T .  (a)-Ei  [ - T .  ( a )  1)  
J J J 
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I n  t h e  l a s t  i n t e g r a t i o n ,  t h e  q u a n t i t i e s  Ga(h), Gaol) ,  G j ( h ) ,  F j ( h ) ,  B(h), and 
E.(h)  w e r e  a l l  considered t o  be e s s e n t i a l l y  c o n s t a n t  w i t h i n  t h e  small i n t e r v a l  
h t a )  - h ( b ) ,  and i n  t h e  r e s u l t i n g  i n t e g r a t e d  expres s ion  a s  r ep resen ted  by Equa- 
t i o n  ( l o ) ,  t h e s e  q u a n t i t i e s  a r e  a l l  designated wi th  a b a r  over t h e  h ,  i.e., 
B(h) becomes B(h) t h e  mean va lue  between B(a )  and B(b), etc. 
With a knowledge of t h e  s o l a r  spectrum o u t s i d e  of t h e  atmosphere, and a 
knowledge of t h e  e f f e c t i v e  c r o s s  s e c t i o n s  and r e r a d i a t i o n  c o e f f i c i e n t s  f o r  
each of t h e  atmospheric gases  f o r  t h e  var ious wavelength r e g i o n s ,  p l u s  c e r t a i n  
boundary cond i t ions  a t  a r e f e r e n c e  l e v e l  nea r  t h e  base of t h e  thermosphere of 
t h e  p l a n e t a r y  atmosphere, t h i s  equat ion permits  t h e  c a l c u l a t i o n  of t h e  atmos- 
p h e r i c  p r o p e r t i e s  above t h e  r e f e r e n c e  level .  
Atmospheric Boundary Conditions 
The r e q u i r e d  boundary-condition values a r e  those  of "(b) g e o p o t e n t i a l  
s c a l e  h e i g h t  a t  t h e  r e f e r e n c e  level,  and n l ( b ) ,  n2(b) ,  n3(b) ,  ... t h e  number 
d e n s i t y  of each of t h e  atmospheric c o n s t i t u e n t s  a t  h (b )  t h e  r e f e r e n c e  l e v e l .  
These q u a n t i t i e s  a long with known c r o s s - s e c t i o n  va lues  l ead  t o  t h e  r e q u i r e d  
va lues  of ~ j ( b )  t h e  o p t i c a l  depth of the composite atmosphere, from h(m) t o  
h (b ) ,  f o r  each of t h e  va r ious  wavelength bands j ,  a s  w e l l  a s  t h e  o p t i -  
c a l  depths  of t h e  i n d i v i d u a l  s p e c i e s  f o r  t h e  same cond i t ions .  e e v a l u a t i o n  
of s . ( b )  i s  accomplished a s  fol lows:  The number d e n s i t i e s  of t h e  s e v e r a l  spe-  
c i e s  y i e l d  m(b) t h e  mean molecular mass a t  level h ( b ) ;  i .e .  , 3 
4 
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This q u a n t i t y  and H/(b) y i e l d  T(b) t he  k i n e t i c  temperature a t  level h ( b ) ;  i .e. ,  
where k i s  Boltzmann's c o n s t a n t ,  and G i s  t h e  g e o p o t e n t i a l  c o n s t a n t ,  which by 
d e f i n i t i o n  [7,81 f o r  t h e  p l a n e t  e a r t h  under c o n s i d e r a t i o n ,  i s  9.80665 m2 sec-* 
f o r  l a t i t u d e s  near  45O. 
The va lues  of T(b) and values  of mi f o r  t h e  several s p e c i e s  i, y i e l d  
va lues  of t h e  i n d i v i d u a l  s c a l e  h e i g h t s  H!(b) f o r  t h e s e  s p e c i e s ;  i . e . ,  
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,%k& = H!(b) . 
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The values  of t h e  i n d i v i d u a l  s c a l e  h e i g h t s  and i n d i v i d u a l  number d e n s i t i e s  a t  
l e v e l  h ( b )  , together  with i n d i v i d u a l  c r o s s - s e c t i o n s  crij f o r  t h e  va r ious  wave- 
l eng th  bands y i e l d  z i j ( b )  t h e  i n d i v i d u a l  o p t i c a l  depths  of t h e  s e v e r a l  s p e c i e s  
f o r  t he  various wavelengths bands, a s  i n d i c a t e d  by t h e  s i n g l e  terms of Equa- 
t i o n  (14) below. When t h e s e  va lues  of T i j ( b )  a r e  summed over i ,  one o b t a i n s  
z . ( b )  t h e  o p t i c a l  t h i ckness  of t he  composite atmosphere from h(m) t o  h ( b )  f o r  
t i e  p a r t i c u l a r  wavelength band j ;  
i i 
These values  of Tj(b) f o r  t h e  va r ious  wavelength bands t o g e t h e r  with t h e  p re -  
v ious ly  adopted value of H'(b> f o r  t he  composite atmosphere a r e  t h e  on ly  a t -  
mospheric p r o p e r t i e s  r equ i r ed  i n  t h e  e v a l u a t i o n  of Equation (10).  
Required Parameters and C o e f f i c i e n t s  Related t o  Phys ica l  Constants  
In  a d d i t i o n  t o  zj (b) and " (b) ,  t h e  e v a l u a t i o n  of Equayion-(lg) r e q u i r e s  - 
values  of a number of k inds  of c r o s s - s e c t i o n  parameters u .  ( h ) ,  aj ( h ) ,  cra(h), zQ(K), and a conduc t iv i ty  parameter B(h),  a l l  of which depend i n  some way upon 
t h e  v a r i a t i o n  of composition with a l t i t u d e .  In  each i n s t a n c e ,  t h e  symbol (h) 
des igna te s  the mean va lue  of t h e  q u a n t i t y  between t h e  l e v e l s  h ( a )  and h ( b ) ,  i . e . ,  
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where h ( a )  - h ( b )  may be made a s  small  a s  d e s i r e d .  
The quan t i ty  F . i b )  r e p r e s e n t s  - t h e  gene ra l  member of t h e  se t  of t h e  aver-  
a t  a l t i t u d e  h ( b )  f o r  each of t h e  age c r o s s  s e c t i o n s  Jaa (b ) ,  z p ( b ) ,  a y ( b ) ,  
v a r i o u s  wavelength bands j ,  such t h a t  Za(b) r e p r e s e n t s  a a t  l e v e l  h ( b )  f o r  t he  
p a r t i c u l a r  wavelength band Q. The q u a n t i t y  Fa (b )  i s  then  t h e  weighted average 
c r o s s  sec t ion  f o r  wavelength band Q, f o r  t h e  va r ious  s p e c i e s  w i t h i n  an elemental  
l a y e r  dh a t  l e v e l  h (b )  of a cm2-column of t h e  a tncsphe re ,  and i s  de f ined  by 
(17)  - i  = 
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For each of t h e  o t h e r  wavelength bands, t h e  0 is  rep laced  by t h e  a p p r o p r i a t e  
member of. t he  set r ep resen ted  i n  general  by j .  
cour se ,  u. eva lua ted  a t  l e v e l  h ( a ) .  
The q u a n t i t y  Gj (a) i s ,  of 
J 
The q u a n t i t y  F - ( b )  r e p r e s e n t s  a s e t  of a d i f f e r e n t  kind of average c r o s s  J 
s e c t i o n s  f o r  t h e  va r ious  wavelength bands eva lua ted  a t  level h ( b )  such t h a t ,  
f o r  wavelength band QI 
i i 
- 
That i s ,  uO(b) r e p r e s e n t s  t he  weighted, average, c r o s s  s e c t i o n  f o r  wavelength 
band 0 f o r  t h e  e n t i r e  cm2-column from h(b) t o  h(m). 
t h e  column count a t  l e v e l  h(b)  f o r  spec ie s  i r e p r e s e n t s  t h e  t o t a l  number of 
p a r t i c l e s  of s p e c i e s  i i n  t h e  cm2-column - from h (b )  t o  h ( a ) ,  and N(b) i s  of 
cour se  equa l  t o  C Ni(b). The q u a n t i t y  i?a(a) i s  de f ined  i n  a s i m i l a r  manner 
r e l a t i v e  t o  level h ( a ) ,  wh i l e  a. (b) and a. (a)  r e p r e s e n t  t h e  g e n e r a l  members 
of t h e i r  r e s p e c t i v e  sets. 
Ni(b) and t h e  de r ived  va lues  of H i (b j ,  the expres s ions  f o r  u j ( a )  and ?.(a) 
imply va lues  of Ni(a) and Hi(a)  which a r e  n o t  known d i r e c t l y  from t h e  ioundary 
cond i t ions .  They a r e  determined i t e r a t i v e l y  by means of one loop of t h e  more 
gene ra l  double loop computer program. 
In Equation (13), Ni(b) 
1 - - 
J J 
- 
While equa t ions  f o r  z j ( b )  and z - ( b )  involve t h e  b o u n d a y - l a y e r  values  of 
A l l  of t h e  above c r o s s - s e c t i o n  parameters depend upon a i j  t h e  sets of 
values  of c r o s s  s e c t i o n s  of each ind iv idua l  s p e c i e s  f o r  each wavelength band. 
These v a l u e s  have been determined f o r  N2,  0 2 ,  A ,  GO2 and 03 and a r e  a v a i l a b l e  
on IBM c a r d s  f o r  narrow bandwidths from 276A t o  30002. Values of a i -  from 0, 
N ,  He ,  H2 and H a r e  n o t  now on IBM ca rds  b u t  t he  l ack  of t h e s e  should n o t  
s e r i o u s l y  a f f e c t  a f i r s t  approximation c a l c u l a t i o n .  
The q u a n t i t y  BG) i s  t h e  a r i t h m e t i c  mean of t h e  q u a n t i t i e s  B(b) and B(a), 
(19) 
B(a) + B(b) 
2 B(F) = 
where B i s  r e l a t e d  t o  A through Equations (8) and (9) and where A i s  r e l a t e d  
t o  A, t h e  thermal conduc t iv i ty  c o e f f i c i e n t  through t h e  expres s ion  
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Methods f o r  computing values  of X 
d i scussed  i n  Chapman and Cowling 791. 
a composite-gas atmosphere where composition changes wi th  a l t i t u d e ,  t h a t  
f o r  composite a s  w e l l  a s  s imple gases  a r e  
It may be shown, t h a t  a t  l e v e l  h(b)  i n  
f ( b ) k .  ,),,, . d Rn m 1 
-k d Rn HI, ’ B(b) = A(b) * 
- 
where m i s  the mean molecular weight.  For a s i n g l e  gas s p e c i e s  i ,  B i  i s  in -  
dependent of a l t i t u d e  and may be expressed by 




Bi 2 16 
C 
where, f o r  a monatonic gas ,  f and 7 have t h e  va lues  5 / 2  and 3 r e s p e c t i v e l y .  
For a diatomic gas f and 7 have the  values  1 . 9  and 5 r e s p e c t i v e l y .  In t h i s  
s t u d y ,  B(h) f o r  a mixed atmosphere i s  taken a s  
i B(h) = Y 
r a t h e r  than a more complicated expres s ion  de r ived  from Equation (21).  
Computed values  of B f o r  t h e  important i n d i v i d u a l  atmospheric gases  sug- 
g e s t  t h a t  B does not  vary by more than a f a c t o r  of f i v e  between 200 and 500 km 
a l t i t u d e ,  where the  number d e n s i t i e s  of helium o r  hydrogen a r e  small compared 
wi th  t h a t  of d i s s o c i a t e d  oxygen. 
The dimensions of B a s  de f ined  i n  Equation (23)  a r e  e r g s  cm-2 s e c - l  (cm/)-’. 
Energy Input and Loss Fac to r s  
Equation (9) involves  two energy i n p u t  f a c t o r s  E j ( m )  and c(m>. The 
f i r s t  of these Ej(W), r e p r e s e n t i n g  t h e  s o l a r  f l u x  through t h e  top of t h e  a t -  
mosphere, i s  now reasonably w e l l  known, and i s  a v a i l a b l e  on t h e  same IBM c a r d s  
with t h e  values of CTij f o r  small bandwidths from 276a t o  30008. 
C(m) which e n t e r s  t he  equat ion a s  a c o n s t a n t  of i n t e g r a t i o n  may be ze ro ,  o r ,  
The q u a n t i t y  
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according t o  N i c o l e t ,  s h o u l d ' b e  small compared with E(m) .  N ico le t  f u r t h e r  
s t a t e s  t h a t  i f  i t  were no t  small ,  we would no t  observe d i u r n a l  v a r i a t i o n s  of 
temperature  o r  d e n s i t y .  For values  of C(m) equal  t o  1% of CEj(m), t h e  i n f l u -  
ence on scale h e i g h t  would be n e g l i g i b l e  f o r  a l t i t u d e s  below s e v e r a l  thousand 
k i lome te r s .  The va lue  of C(m) might a c t u a l l y  be cons ide rab ly  l a r g e r ,  a s  sug- 
ges t ed  by Harris and P r i e s t e r  151 and models based on v a r i o u s  values  of C(m) 
should be computed. 
The lasf t e r m  of Equation (10) i s  the energy-loss  term, and c o n t a i n s  t h e  
l o s s  f a c t o r  R. which is t h e  gene ra l  symbol f o r  a se t  of s p e c i a l  l o s s  f a c t o r s ,  
each member  08 which is a s s o c i a t e d  wi th  a p a r t i c u l a r ,  narrow, wavelength band. 
This l o s s  f a c t o r  is seen from Equation (7) 
of R i j  t h e  b a s i c  l o s s  f a c t o r  expressed in  terms of e r g s  per molecule per see- 
ond f o r  each wavelength band and f o r  each s p e c i e s .  
t o  be a r a t h e r  complicated f u n c t i o n  
Replacing t h e  f a c t o r  xi&) 
i n  t h e  summation 
t h e  c o n t r i b u t i o n  
Nico le t  h a s  
l o s s  t e r m  of Equation (10) by i ts  e q u i v a l e n t  i n  Equation t 7 ) ,  
of t h e  energy-loss  term t o  t h e  s c a l e  h e i g h t  i s  seen t o  be 
76) f Ri .  G) ni(hl  
d T  * a. [ - r . ( b ) - ~ ~ ( a ) l  . 
j J J  . LJ - .r.(K) ~ ( 0 0 )  n 6 )  uj(I;) 
(25) J 
e s t ima ted  t h a t  t h e  energy l o s s  i n  t h e  atmosphere above 150 km 
is p r i m a r i l y  from atomic oxygen i n  t h e  i n f r a r e d  r e g i o n  of t h e  spectrum, par-  
t i c u l a r l y  i n  t h e  63-micron band designated by I. I n  t h i s  i n s t a n c e ,  t h e  only 
l o s s  c o e f f i c i e n t  i s  %I and t h e  summation t e r m  (Expression (25)) s i m p l i f i e s  t o  
t h e  s i n g l e  t e r m  
I f  i t  is  f u r t h e r  assumed t h a t  atomic oxygen is  t h e  on ly  s p e c i e s  c o n t r i b u t i n g  
t o  t h e  o p t i c a l  depth a t  wavelength I,  an assumption which is  somewhat ques- 
t i o n a b l e ,  Expression (26) s i m p l i f i e s  f u r t h e r  t o  t h e  form , 
- dh] * [no(b) H/(b)-n (a)*H'(a)]. 1 1 
0 0 0 - * u  
(27 1 
2 ~ 6 )  n 0 G) ~ ~ f i )  01 
I n  t h i s  form, t h e  p a r a l l e l i s m  t o  the loss  t e r m  i n  t h e  r e l a t i v e l y  crude s c a l e -  
he igh t -gene ra t ing  Equation (5.45) of Nicolet  i s  ev iden t .  
While t h e  d i f f e r e n c e s  between Equation (10) and N i c o l e t ' s  Equation (5.45) 
a r e  s i g n i f i c a n t  i n  t h e  energy absorpt ion and co rpuscu la r  r a d i a t i o n  terms, t h e  
d i f f e r e n c e s  i n  t h e  l o s s  term a r e  only of academic i n t e r e s t ,  s i n c e ,  f o r  t h e  a l -  
t i t u d e  r e g i o n  above 150 km, the  inf luence of t h e  l o s s  term on t h e  computed 
s c a l e  h e i g h t  i s  small. Nico le t  has  es t imated a mean va lue  of RoI(h) t o  b e  
25 
5 x 
aoI f o r  t h i s  r a d i a t i o n  process  t o  be - >
has  a va lue  of the  order  of 5 x 10-2 e r g s  per cm2 column per  second. 
va lue  i s  s m a l l  compared t o  t h e  es t imated  absorbed r a d i a t i o n  of about  2 e r g s  
cm-2 sec-1 .  
ergs sec - l  molecule ' l .  He has  a l s o  e s t ima ted  an oxygen c r o s s  s e c t i o n  
cm2 molecule-1,  so t h a t  R o ~ / a 0 1  
Such a 
Because t h e  c o n t r i b u t i o n  of t he  summation l o s s  t e r m  i s  sma l l ,  and because 
the  information f o r  an a c c u r a t e  eva lua t ion  of t h i s  summation t e r m  i s  n o t  pres- 
e n t l y  a t  hand, the  e n t i r e  l o s s  term i s  neglec ted  i n  the planned c a l c u l a t i o n s .  
Descr ip t ion  of Computer Program f o r  Model Generation 
A genera l ,  double-loop, i t e r a t i v e ,  computer program f o r  gene ra t ing  a com- 
p l e t e  model atmosphere above 150 km i n  terms of absorbed s o l a r  r a d i a t i o n  has  
been ou t l ined .  The c a l c u l a t i o n  of t h e  model by t h i s  program depends only  upon 
t h e  following inpu t  information:  (1) the  va lues  of t he  boundary cond i t ions  a t  
150 km a s  ind ica ted  i n  a previous paragraph;  (2)  t h e  va lues  of t h e  s e t  of Ij(") 
t he  s o l a r  r a d i a t i o n  inc iden t  upon t h e  top of t h e  atmosphere i n  each wavelength 
band j ;  and (3) t h e  value of C(w) t h e  corpuscular  r a d i a t i o n  i n t o  t h e  top  of t he  
atmosphere. 
The loss  term i s  neglec ted  a t  p r e s e n t  because n o t  enough informat ion  con- 
ce rn ing  t h e  a c t u a l  l o s s  c o e f f i c i e n t s  a t  t h e  va r ious  wavelengths i s  immediately 
a v a i l a b l e .  
The computer program w i l l  gene ra t e  a l a r g e  number of atmospheric proper-  
t i e s  a s  a func t ion  of a l t i t u d e  f o r  prescr ibed  geometric a l t i t u d e  i n t e r v a l s ,  
5 km f o r  example, from 150 km t o  600 km o r  above, whi le  t h e  v a r i a t i o n  of grav- 
i t y  i s  taken c a r e  of through t h e  geopo ten t i a l  concept .  Temperature, p re s su re ,  
d e n s i t y ,  number dens i ty ,  p re s su re  s c a l e  h e i g h t ,  and mean molecular weight f o r  
t he  composite atmosphere w i l l  be generated.  
h e i g h t s  f o r  each of the  ind iv idua l  s p e c i e s  would a l s o  be determined. 
The number d e n s i t i e s  and s c a l e  
S ign i f i cance  of t h e  Model 
The model generated through Equation (10) and the  o t h e r  a s s o c i a t e d  equa- 
t i o n s  i s  a s t a t i c  noon-day model which i n  some r e s p e c t s  may be i n f e r i o r  t o  t h e  
more dynamic-type model of Har r i s  and P r i e s t e r  [5] .  It w i l l  demonstrate ,  how- 
e v e r ,  t he  v a r i a t i o n  of t h e  s e v e r a l  parameters with a l t i t u d e  on the  b a s i s  of a 
more r e a l i s t i c  energy-absorpt ion p a t t e r n  than t h e  lumped va lue  which Har r i s  
and P r i e s t e r  and Nicole t  appear t o  have employed. 
adapted f o r  i nc lus ion  i n  a more s o p h i s t i c a t e d  approach of t h e  Har r i s  and 
Priester type:  
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ANALYTICAL INVESTIGATION OF THE EXISTENCE OF SUCCESSIVE 
ISOPYCNIC LEVELS 
Intr oduc t ion 
Cole [I] reported that a condition approximating a second isopycnic level 
exists over Fort Churchill, Canada at an altitude of 80 to 90 km. That is, 
the average density-altitude profiles for various seasons, as well as the in- 
stantaneous density-altitude profiles which, at any given altitude, may differ 
considerably from one to the other tend to converge to a common value of den- 
sity in the region 80 to 90 km. 
profiles converge, is called the isopycnic altitude. 
This altitude, at which these density-altitude 
The convergence of these density-altitude profiles is not exact, but 
rather is spread out over an altitude region such that the term isopycnic re- 
gion is more descriptive in this situation. 
The existence of this 90-km isopycnic region is not limited to the arctic 
region, but is probably formed rather generally at most latitudes in associa- 
tion with the isothermal layer at the mesopause, though not necessarily depend- 
ent upon it. Because of the general existence of this isopycnic region, it is 
interesting to examine its influence on the possible density-altitude profiles 
of model atmospheres above the mesopause, particularly as it may influence the 
existence of an additional isopycnic region at some greater altitude. Such a 
region would be of significance as the base level for models of the thermosphere, 
which models vary with changes in solar radiation and related properties. 
rently, thermosphere models such as those presented by Jacchia [ 2 ]  and Harris 
and Priester [3 ]  tend to diverge upward from a common density point assigned 
arbitrarily to the altitude 120 km. 
Cur- 
The present study demonstrates that the isopycnic level at or near 90 km 
implies near isopycnic conditions at about two scale heights above 90 km, i.e., 
at about 101 km. A mean density value at this altitude, therefore, would 
better serve as the boundary-condition values for thermospheric models than 
the mean-density value arbitrarily selected by several investigators for 
120 km. 
This study examines the behavior of possible density-altitude profiles 
between the isopycnic reference level hb and a few scale heights above this 
altitude. For the sake of simplicity, the examination is limited to those 
profiles of relative density versus geopotential (p(h)/pb vs h), as defined 
by (TM)b a common value of molecular scale temperature TM at hb, and by 
a single gradient of TM with respect to h (i.e. Lk f d%/dh) which gradient 
may assume any single realistic positive or negative value including zero. 
Density-Altitude Relationship for an Isothermal Layer 
Since the reference isopycnic level lies within an isothermal layer, it 
is convenient to extend the density-altitude profile associated with this 
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isothermal region to altitudes a few scale heights above hb,  on the basis of 
the same isothermal conditions, and to use this density-altitude profile as 
a basis of comparison of various other density-altitude profiles. 
The equation for the altitude profile of relative density for L& = 0 is 
the well-known expression [ 4 , 5 ]  
where G is the invariable acceleration-of-gravity parameter associated with the 
definition of standard geopotential meter, 
M, is the sea-level value of molecular weight, and 
R is the universal gas constant. 
In order to reduce the number of symbols, as well as to simplify the di- 
mensional considerations, it is convenient to introduce two quantities. The 
first quantity is geopotential pressure scale height H' which has the dimen- 
sion of geopotential altitude, and is defined by 
The second quantity is the dimensionless altitude parameter x defined by 
In this expression Hi is the reference-level value of HI, and x is seen to be 
positive for h > hb. In terms of these two quantities, Equation (1) is simply 
expressed as 
from which it follows that 
( 5 )  
and 
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Thus, the graph of en p(x)/pb versus x in Figure 1 is represented by the 
straight line QAA/ with a slope of -1. 
Density-Altitude Relationships for Constant Nonzero Gradients of T or HI 
M 
One of the density-altitude equations associated with a constant gradient 
of TM is given by the following well-known expression [ 4 ,5 ]  
The temperature gradient qfmaybe related to the geopotential scale height 
gradient B /  = dH//dh. 
tiation of both sides of Equation (2) with respect to h yields 
Since H I  is directly proporational to TM the differen- 
In terms of geopotential scale height and its gradient, as given by Equations 
(2) and (8), and the transformation defined by Equation ( 3 ) ,  one may rewrite 
Equation (7) as 
This equation is defined for all values of f3/ except f3' = 0 ,  but for f3/  < -1, 
the density-altitude profiles become physically unrealistic. 
Another form of density-altitude expression for constant scale-height 
gradient is defined for all values of B' including f3' = 0. This expression, 
first presented by Nicolet 161, was defined by him in terms of geometric al- 
titude z, geometric scale height H, and geometric scale-height gradient p, 
and, accordingly, it includes the nuisance gravity ratio g(z)/gb. 
has shown that when 2, H, and p are properly transformed into their geopoten- 
tial counterparts, the gravity ratio vanishes, and we have 
Minzner [ 7 1  
Constant scale-height gradient implies the relationship 
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Figure  1. Schematic r e p r e s e n t a t i o n  of normalized d e n s i t y - a l t i t u d e  p r o f i l e s  
f o r  var ious  cons t an t  p o s i t i v e  g r a d i e n t s  of s c a l e  h e i g h t  versus  
a l t i t u d e  i n  t h e  upper p a r t  of t h e  f i g u r e ,  and f o r  va r ious  con- 
s t a n t  nega t ive  g r a d i e n t s  i n  t h e  lower p a r t  of t h e  f i g u r e .  
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It is appa ren t ,  t h e r e f o r e ,  from Equation (11) and ( 3 ) ,  t h a t  
and t h a t  
In t roduc ing  Equations (12) and (13) i n t o  Equation (10) y i e l d s ,  
It may be shown t h a t  t h e  i n f i n i t e  s e r i e s  converges f o r  a l l  f i n i t e  values  of 
t h e  product  x i nc lud ing  = 0,  f o r  which va lue  Equation (14) degenerates  
i d e n t i c a l l y  t o  Equation (4) .  
Form of Related Density-Alti tude Curves 
It can  be shown t h a t  f o r  p o s i t i v e  values  of p/, Equations (9) and (14) 
w i l l  g e n e r a t e  i d e n t i c a l  d e n s i t y - a l t i t u d e  p r o f i l e s  which when p l o t t e d  i n  t h e  
form of Rn p(x)/pb ve r sus  x appear concaved upward a s  i n  the  c a s e s  schemat i ca l ly  
des igna ted  by curves QBp/, QCC', and QDD/ of Figure 1. Each curve r e p r e s e n t s  
s u c c e s s i v e l y  i n c r e a s i n g  values  of f3/. The c r o s s i n g  p o i n t s  XBA, XCA, and XDA, 
a t  which t h e s e  t h r e e  curves r e s p e c t i v e l y  c r o s s  t h e  s t r a i g h t - l i n e  p r o f i l e  QAAI ,  
each have x-coordinate  values  g r e a t e r  than x = 2 ,  and each s u c c e s s i v e l y  g r e a t e r  
than t h e  preceding one, a s  w i l l  b e  demonstrated below. 
none of t h e  curves f o r  p o s i t i v e  va lues  of f3' c r o s s  each o t h e r  be fo re  f i r s t  
c r o s s i n g  t h e  r e f e r e n c e  d e n s i t y - a l t i t u d e  p r o f i l e  f o r  /3/ = 0. 
It is  a l s o  noted t h a t  
For a set  of r e a l i s t i c  nega t ive  values of i . e .  -1 < @ /  < 0 ,  whose 
a b s o l u t e  magnitude i n c r e a s e s  successively from 0, t h e  corresponding d e n s i t y -  
a l t i t u d e  p r o f i l e s  are  r ep resen ted  success ive ly  by t h e  l i n e s  QEE/ ,  QFF/, and 
QGG/ of Figure 1 , a l l  of which a r e  concaved downward. These l i n e s  a r e  each 
seen t o  c r o s s  t h e  zero-gradient  l i n e  QAA/ a t  success ive ly  lower v a l u e s  of x, 
i . e . ,  x u ,  XFA, and xGA, each of which is success ive ly  smaller than x = 2. 
It w i l l  a l s o  be noted t h a t  t h e  curve f o r  any nega t ive  va lue  of p/  c r o s s e s  a l l  
d e n s i t y - a l t i t u d e  p r o f i l e s  f o r  l e s s -nega t ive  values  of be fo re  c r o s s i n g  t h a t  
one f o r  p/  = 0. 
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Analy t i ca l  Determination of Crossing P o i n t s  
I 
The a n a l y t i c a l  de t e rmina t ion  of t h e  c o o r d i n a t e s  f o r  t h e s e  v a r i o u s  c ros s -  
ing p o i n t s  XBA t o  XGA i s  accomplished i n  p r i n c i p l e  by t h e  s o l u t i o n  of t h a t  
equa t ion  which r e s u l t s  from equat ing t h e  r ight-hand member of Equation ( 4 )  t o  
t he  right-hand member of e i t h e r  Equation (9) or  Equation (14).  The l a c k  of a 
compatible format of Equation (9) e l i m i n a t e s  t h a t  p o s s i b i l i t y ,  while  t h e  i n -  
f i n i t e  s e r i e s  of Equation (14) e f f e c t i v e l y  e l i m i n a t e s  t h e  second p o s s i b i l i t y .  
Minzner [ 7 ]  has shown, however, t h a t  f o r  small  v a l u e s  of f3/  and x ,  t h e  i n f i n i t e  
s e r i e s  of Equation (14) converges ve ry  r a p i d l y ,  and under these  c o n d i t i o n s  the  
t r u n c a t i o n  of the s e r i e s  a f t e r  t he  f i r s t  term y i e l d s  q u i t e  good r e s u l t s .  More 
a c c u r a t e  r e s u l t s  can be obtained i f  t he  f i r s t  two terms of t he  s e r i e s  a r e  r e -  
t a i n e d ,  a s  i n  t h i s  study. Thus, t h e  form of Equation (14) a c t u a l l y  employed 
when the left-hand member i s  expressed a s  t h e  n a t u r a l  logari thm i s  
Now equating t h e  r ight-hand members of t h e  e q u i v a l e n t  expres s ions ,  Equations (5) 
and (15),  y i e lds  a cubic  equa t ion  i n  x b u t  a q u a d r a t i c  equa t ion  i n  P I .  Thus, 
(16) 
2 x (3x - 8 ) ( p / ) 2  + 2x(5x - 1 2 )  + 12(x - 2) = 0 . 
The r e l a t i o n s h i p  between and x expressed by Equation (16) i s  shown i n  Fig- 
ure  2.  For r e a l i s t i c  values  of B a s  r ep resen ted  by a c t u a l  atmospheric condi- 
t i o n s ,  i . e . ,  f o r  -0.2 "< "< H . 6 ,  t h e  corresponding va lues  of x, i . e . ,  
1.85 "< x"< 2.3, a r e  shown a s  a heav ie r  l i n e .  
r e a l i s t i c  range of c r o s s i n g  p o i n t s  of Figure 1. 
d i r e c t i o n ,  t h e  c r o s s i n g  p o i n t  approaches x = 2.  
This heavy l i n e  i n d i c a t e s  t he  
A s  @' approaches 0 from e i t h e r  
Discussion of t h e  Resu l t s  
Superimposing the two s e c t i o n s  of Figure 1 y i e l d s  the  r e s u l t s  shown i n  
Figure 3. 
than x = 1.85 f o r  r e a l i s t i c  nega t ive -g rad ien t  c o n s i d e r a t i o n s ,  wh i l e  t h e  upper- 
extreme c ross ing  p o i n t  xDA may n o t  have an  x value g r e a t e r  than x = 2.3. 
p o s s i b l e  c ros s ing  p o i n t s  of t h e s e  s e v e r a l  d e n s i t y - a l t i t u d e  p r o f i l e s  i s  c e r t a i n l y  
confined w i t h  r e s p e c t  t o  a l t i t u d e .  The f i g u r e  a l s o  i n d i c a t e s  a confinement with 
r e s p e c t  t o  densi ty .  That p a r t  of t he  problem r e l a t e d  t o  range of d e n s i t y  va lues  
a t  any given a l t i t u d e  s t i l l  r e q u i r e s  a n a l y s i s  f o r  a c c u r a t e  i n t e r p r e t a t i o n .  
The lower extreme c r o s s i n g  p o i n t  XGA may n o t  have an  x value smaller 
The 
It is s p p o r e n t ,  however, t h a t  an i sopycn ic  r eg ion  does e x i s t  i n  t he  v i c i n -  
i t y  of two sca l e  h e i g h t s  above a common r e f e r e n c e  p o i n t ,  i f  t empera tu re -a l t i t ude  
p r o f i l e s  o r  the r e l a t e d  s c a l e - h e i g h t - a l t i t u d e  p r o f i l e s  a r e  r e s t r i c t e d  t o  l i n e a r  
segments extending a t  l e a s t  f o r  two s c a l e  h e i g h t s  i n  a l t i t u d e  from t h i s  common 
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A density-altitude point within this region would appear to serve as a 
better reference point f o r  atmospheric models of the thermosphere than the 
120 km point now generally used. 
Perhaps more significant is an implication of the above study regarding 
the required altitude interval between successive density observations if 
meaningful temperature-altitude profiles are to be inferred from these data. 
Obviously, two successive density-altitude observations made with normal meas- 
urement uncertainty, and separated by two scale heights are consistent with an 
almost infinite number of constant temperature-altitude gradients. These range 
from extreme positive to extreme negative values. It is apparent, therefore, 
that such density-altitude points treated in pairs will not yield significant 
temperature information. Density-altitude data should be collected with a 
sampling interval which is small compared with two scale heights. 
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. 
TEMPERATURE DETERMINATION FROM DIFFUSION DATA 
For several years, GCA has participated in a rocket program involving the 
formation of sodium vapor trails to altitudes above 200 km. In addition to 
the determination of wind profiles from these vapor trails, some molecular dif- 
fusion data has been obtained from 18 of these flights [l]. 
only a single diffusion-altitude point exists, but in the remainder of the 
flights, values of diffusion exist for at least four different altitudes, and 
in two instances for eleven different altitudes. 
In two flights, 
These data have been indirectly related to temperature profiles by a com- 
parison of diffusion data with diffusion-altitude profiles computed from two 
model atmospheres [2,31 and from the most recent U. S. Standard Atmosphere 141. 
No temperature-altitude profiles had been computed, however, for any of these 
sets of data even though temperature-altitude data were inherently available 
from the data. 
Recognizing the situation, the writer with the assistance of Dr. Herbert 
K. Brown developed an integral equation in which temperature-altitude data may 
be inferred from diffusion-altitude data without assuming any initial value of 
temperature or of any other atmospheric property. 
The derived relationship is based upon an expression for diffusion D of 
molecules of mass ml into a medium of molecular mass m as used by Nicolet [5]: 
where g is the local acceleration of gravity, 
H is the local scale height, 
n is the local number density of major species of molecular mass my and 
m is the effective mean collision cross section of the two species. 
This expression is in turn derived from an expression given by Chapman and 
Cowling [61: 
D =  
in which T is the temperature, k is Boltzmann’s constant, and the subscripts 
1 and 2 indicate the minor and major gases respectively. The Chapman and 
Cowling expression is listed as a first-approximation expression for the case 
where the gas molecules are considered t o  be rigid spheres. 
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Either of these expressions can be converted to the form 
where TM is molecular scale temperature, 
p is atmospheric pressure, 
c/ is a composite constant given by Equation ( 4 ) ,  and 
u/ is a molecular weight function given by Equation (5).  
The value of the constant c/ is given by 
where R is the universal gas constant, 
M, is the sea-level value of the mean molecular we,ght of tL.e atmosphere, 
N is Avogadro’s number, and 
rn is the effective collision cross section between air and the diffusing 
gas. 
The molecular weight function u/ is given by 
where M is the mean molecular weight of the atmosphere at any geopotential 
altitude h, and 
M1 is the molecular weight of the substance diffusing into the atmosphere. 
Defining a parameter D/ = DIU/, we may write an expression for D/, the 
right-hand side of which is free from any explicit expressions of molecular 
weight: 
In the absence of simultaneous observations of atmospheric pressure or density 
along with diffusion observations, neither Equation (3)  nor (6) may be evalu- 
ated for temperature. It is well known, however, that altitude profiles of 
pressure p yield altitude profiles of TM as indicated by 
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where h is g e o p o t e n t i a l  a l t i t u d e ,  
G is  numerical ly  equal  t o  t h e  s e a - l e v e l  va lue  of t h e  a c c e l e r a t i o n  of 
g r a v i t y ,  and 
Q i s  a c o n s t a n t  equa l  t o  G S / R .  
It is  s i m i l a r l y  
of d e n s i t y  p as 
Minzner 171: 
w e l l  known t h a t  T ~ m a y  a l s o  be de r ived  from a l t i t u d e  p r o f i l e s  
i n d i c a t e d  by t h e  following expres s ion  r e c e n t l y  used by 
= % (TM), +: Jh h a Pdh 
(TM)r Pr 
r 
I n  t h i s  expres s ion  s u b s c r i p t  a i s  a s soc ia t ed  wi th  t h e  g r e a t e s t  a l t i t u d e  of a 
d e n s i t y  obse rva t ion  and s u b s c r i p t  r is  a s s o c i a t e d  wi th  a running a l t i t u d e  
varying between ha and t h e  lowest a l t i t u d e  of set  of da t a .  
From Equation ( 6 )  it is p o s s i b l e  t o  write 
d an  D/ 2 d a n %  d a n E  
dh 3 dh - dh = -  
Combining Equations (7) and (9) l e a d s  t o  
dTM 2a d an D/ 2a 
dh 3 dh ' T M = - - *  3 ' 
a . - - - - .  
where a is  an  a r b i t r a r y  f a c t o r  app l i ed  t o  both s i d e s  of t h e  equat ion.  
The l e f t -hand  s i d e  of Equation (10) has  t h e  form of t h e  d e r i v a t i v e  of 
t h e  product  a TM, i . e . ,  
where "a'' must have t h e  form such t h a t  
da 2a d an D/ 
dh 3 dh 
- = - - .  
The c o n d i t i o n  of Equation (12) i s  m e t  f o r  
V a = e  
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o r  
V 
& = & = e  v . -  dv 
dh dh dh ’ 
where 
and, hence , where 
such t h a t  
Hence, Equation (10) may be r e w r i t t e n  a s  
Recognizing t h a t  
1 - 2 1 
3 exp Rn(D/) 2 / 3  (,,)2/3 ’ 
exp - - Qn D I  = exp - Jn (D/ )2 /3  = 
we r e w r i t e  Equation (19) a s  
I n t e g r a t i n g  between the  l i m i t s  of a and r we have 
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In t roduc ing  t h e  l i m i t s  on t h e  l e f t -hand  s ide  and r e v e r s i n g  t h e  l i m i t s  on t h e  
r ight-hand s i d e  of Equation (21) y i e l d s  
from which we  have 
The s i m i l a r i t y  between t h i s  equa t ion  and Equation (8) i s  s t r i k i n g .  
Mul t ip ly ing  t h e  above equa t ion  by M/% t ransforms t h e  expres s ion  t o  
k i n e t i c  temperature ,  t hus  
Tr = T a - (D:/D/)2/3 a + 3 R  (D:) 2 /3  Jra M ( l / ~ ) ~ / ~  dh . (24) 
I n  terms of t h e  t r a p e z o i d a l  r u l e  f o r  numerical i n t e g r a t i o n ,  t h i s  expres s ion  
becomes 
hj-l 2 - "j"1 + 1 +E. M 
r-1 - h  r-1 r M h r .  
1 1 2 / 3  2 
+ 
j =a+l 
Equation (25)  programmed f o r  an IBM 1620 d i g i t a l  computer was used t o  
determine a family of p r o f i l e s  of TM versus h f o r  each of t h e  sets of d i f f u s i o n  
d a t a  p rev ious ly  r e f e r r e d  to .  It is  apparent t h a t  T,, t h e  running va lue  of T, 
is dependent upon t h e  assumed va lue  Ta. 
hr drops i n c r e a s i n g l y  below a l t i t u d e  ha, the va lue  of t h e  r a t i o  Di/DA becomes 
i n c r e a s i n  1 small, such t h a t ,  f o r  h r  s u f f i c i e n t l y  below hay t h e  q u a n t i t y  
is then  unimportant.  
It is a l s o  apparent  t h a t ,  a s  a l t i t u d e  
Ta(D{/DL) 9 3  1 becomes small compared to T, and t h e  cho ice  of t h e  va lue  of Ta 
A f ami ly  of T-h p r o f i l e s  from sodium d i f f u s i o n  d a t a  i l l u s t r a t e s  t h i s  con- 
vergence phenomena (see F igures  1 and 2 ) .  
a s  shown i n  Figure 1, for success ive  values of d i f f u s i o n  a l s o  i n d i c a t e s ,  t o  
some e x t e n t ,  t h e  r e l a t i v e  u n c e r t a i n t y  i n  success ive  d i f f u s i o n  d a t a  p o i n t s .  
The wide range of temperature v a l u e s ,  
4 3  
KINETIC TEMPERATURE ( O K )  
Figure 1. Temperature-altitude profile over Wallops Island at 0532 EST on 
September 13, 1961 as deduced from GCA sodium diffusion data, 
and six different reference temperatures at 410 km altitude, 
compared with Blamont's results for the same occasion and com- 
pared with the U. S. Standard Atmosphere. 
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Tabular va lues  of d i f f u s i o n  D, t h e  q u a n t i t y  D' = D/u' (designated i n  the  
IBM p r i n t o u t  a s  DPPP), molecular weight ,  and a family of f i v e  s e t s  of tempera- 
t u r e  versus  a l t i t u d e  da t a  a r e  given f o r  each of s i x t e e n  f l i g h t s  a t  s p e c i f i e d  
t i m e s  and loca t ions .  
The molecular weights used i n  t h e  e v a l u a t i o n  of Equation (25)  a r e  those  
of t he  U .  S. Standard Atmosphere [ 4 ]  and a r e  shown i n  t h e  computer p r i n t o u t .  
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TEMPERATURE VS. GEOMETR I C  ALT I TUDE 
FROM D SODIUM DIFFUSION DATA WHERE COMPUTATIONS ACCOUNT 
FOR G R A V I T Y  THROUGH GEOPOTENTIAL AND FOR MOLECULAR WEIGHT 
THROUGH TM MOLECULAR SCALE TEMPERATURE 
CONVERSIONS TO T ARE THROUGH MOLECULAR WEIGHT OF THE 1962 
US STANDARD ATMOSPHERE 
THE UPPER PART OF THE T VS Z PROFILE IS BIASED 
BY THE UPPER REFERENCE LEVEL VALUES OF TM I N  THE RAT IO 
D PPA** ( -2 /3 / ( ( DP P* ( -Z /3 
19 APRIL 61 0436 EST VALLOPS ISLAND 
Z D DPPP TEMPERATURES M ?T 
155000. 1.513E+05 2.693E-05 1144. 1036. 927. 819. 711. 603. 26.79 
105000. 2.020E+06 7.695E-04 
1 07000. 3 .000E46 5.899E-04 
1 10000. 3 . 640E+06 5.167E-04 
112000. 9.880E+06 2.648E-04 
1 15000. 1 . OgOE+07 2,469E-04 
120000. 5 .240E47 8.605E-05 
130000. 1.020E48 5.437E-05 
1 40000. 1 .990E+08 3.442E-05 
150000. 2.570E48 2.877E-05 
155000. 2.820E+08 2.693E-05 
2 0  APRIL 61 19.12 EST . \!A 
125000. 5.590E+07 8.177E-05 
* 239. 236. - 261. 256. 
b 227. 222. 
* 379. 368. 
* 337- 326. 



















































2 D DPPP TEMPERATURES M . klT . 
170000. I.h55E+05 1.523E-05 1211. 1102. 992. 882. 773. 663. 26.45 
120000. 4.110E+07 1.0l lE-04 606. 590. 574. 558. 542. 526. 28.07 
130000. 8.020E+07 6.383E-05 674. 650. 625. 600. 575. 550. 27.58 
135000. 1.350E+08 4.481E-05 828. 793. 758. 723. 6 8 8 .  652. 27.37 
150000. 2.690E+08 2.790E-05 913. 857. 802. 74Ft. 690. 535. 26.02 
155000. 3.580E+08 2.297E-05 992. 925. 858. 791. 724. 6 5 6 .  26 79 
170000. 6.520E+08 1.523E-05 1105. 1006. 905. 805.  705. 606. 26.45 
21 A P R I L  61 0439EST WALLOPS ISLAND 
2 D 
160000. 1.550E+05 
1 00000. 2.070E+06 
11 8000. 1.720E+07 
120000. 4.01 OE+07 
125000. 4.930E+07 












2.41 1 E-05 
2.128E-05 
TEMPE RATUI? ES M . LIT 

















327. 324. 321. 28.08 
339. 327. 314. 28.17 
503. 478. 453. 27.81 
578. 543. 508. 27.50 
794. 728. 662. 27.20 
033. 744. 655. 26.92 
722. 622. 521. 26.66 
538. 516. 494. 28.07 
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13 SEPTEMBER 61 04.32 E S T  WALLOPS ISLAND ABOVE 206 K M ,  
z D 






















1 1 0000. 
114000. 































2 .5  1 OE+Ob 
3. ?20E+O6 
3,22OE+Oh 







DPPP M . ',IT . 
2.687E-07 2186. 1966. 1745. 1525. 1304. 1084. 1?.70 











































104f5. 1042. 25.50 
1171. 1165. 25.24 
1053. 1047. 25 04 
1340. 1332. 24.66 
1340. 1330. 24.34 
1061. 1051. 23.82 , 
1287. 1271. 23 .33  
886. 737. 19 70 
DPPP TEMPERATURES M ,  WT 
1.051E-05 1401. 1207. 1174. 1061. 947. 834. 25.5') 
3 
1 
,273E-04 362. 360. 
,766E-04 427. 423. 
,017E-04 432. 428. 
.500E-04 497. 492. 
,166E-05 1026. 991. 
.712E-05 1444. 1379. 
,698E-05 1245. 1 181. 
.312E-05 1370. 1288. 
.233E-05 1237. 1151. 
,051E-05 1236. 1135. 
';:ALLOPS ISLAND 






































735.  2 5 . 5 '  
1123. 26.qfl 
DPPP TEMPERATURES E l .  , 
l.612E-05 1211. 1102. 932. 882. 773. T-T,?. 2'.45 
6.684E-04 355. 357.  350. 347. 344. 3'1.2. 2 ( 3 , ? ?  
4.950E-04 375.  3 7 1 .  3617. 364. 361. 3 5 7 ,  213.77 
5.628E-04 26?. 264. 261. 258. 255 .  251. 23.6q 
3.37EE-04 236. 293. 237.  2n2. 277.  272. ? ? . I t ; '  
1.9E4E-04 388. 379. 370. 36.2. 353.  344. 2 8  27 
1.143E-04 552.  537.  522. 507. 492. 477 28.07 
5.867E-05 749. 721. 692. h54. 63.5. '06,. 27 5 9  
3.838E-05 371. 828. 785. 741, 5.93. f l55 .  27  20 
2.717E-05 974. 914. 853, 793. 732.  572. 2'. 92 
1.967E-05 1094. 1012. 929. 847. 754.  0 2 1 .  2C ')'. 
170000. 5.'390E+08 1.612E-05 1105. 1006: 905. 805. 70s. hOC, % G  45 
1 MARCH 62 1c23 E S T  WALLOPS ISLAND 
Z D DPPP TEMPERATURES E l  '* IT , 
130000. 1.273E+05 7.029E-05 707. 634. 560. 487. 413. 340. 2 7 . 5 3  
106000, 
















































2 MARCH 62 05.54 EST WALLOPS I SLAND 
Z D DPPP TEMPERATURES M.WT. 
125000. 1 .225E45 1.191E-04 565. 512. 460. 408. 356. 304. 27.81 
1 04000. 1 .040E+06 1 .199E-03 193. 188. 183. 178. 173. 167. 2 8 . 7 8  
106000. 2.360E+06 6.931E-04 274. 265. 250. 248. 239. 230. 28 .72  
108000. 3.960E+06 4.897E-04 335. 322. 310. 297. 285.  272. 28.+ 
110000. 6.510E+06 3.507E-04 414. 397. 379. 362. 344. 327. 28.56 
112000. 6.170E+06 3.625E-04 357. 340. 323. 306. 290. 273. 28.47 
115000. 9.180E+06 2.769E-04 390. 368. 347, 325. 303. 281. 28.32 
125000. 3.180E+07 1.191E-04 542. 492. 442. 392. 342. 292. 27 .81  
23 MARCH 62 18.44 EST WALLOPS I SLAND 
Z D DPPP TEMPE RATU RE S M,!?T. 
132000. 1.293E+05 9.850E-05 674. 600. 526. 452. 379. 305. 27.49 
106000. 5.860E+06 3.780E-04 472. 453. 434. 415. 396. 377. 28.72 
114000. 1.050E+07 2.535E-04 480. 452. 424. 396, 368. 340. 28.37 
120000. 2.080E+07 1.593E-04 591. 547. 503. 459. 414. 370. 28.07 
122000. 2.950E+07 1.258E-04 698, 642. 587. 531. 475. 419. 27.97 
132000. 4.160E+07 9.860E-05 639. 569. 499. 429. 359. 289. 27.49 
27 MARCH 62 18.48 EST . WALLOPS I SLAND 
2 D 
11 9000. 1 . 168E+05 
105000. 2,980E+06 
107000. 3.830E+06 
1 1 0000. 3.980E+06 
113000. 6.220€+06 
1 19000. 1 . 320E+07 
3 0  NOV 62 06.15 EST 
Z D 
I 160000. 1.560E+05 
1 06000. 2.700E+06 
11 0000. 5.220E+06 






DPPP TEMPERATURES M. WT. 
2.160E-04 453. 402. 350. 299. 247. 196. 28.12 
5.938E-04 368. 350. 331. 313. 294. 275. 28.75 
4.869E-04 331. 309. 286. 264. 241. 219. 28.56 
3.600E-04 370. 340. 309. 279. 249. 219. 28.42 
2.160E-04 440. 390. 340. 290. 240. 190. 28.12 
5.013E-04 388. 366. 344. 322. 300. 278. 28.68 
WALLOPS ISLAND 
DPPP TEMPERATURES M.WT. 









247. 245. 242. 239. 236. 233. 28 .72  
273. 268. 264. 260. 255. 251. 28.56 
257. 251. 245. 240. 234. 228. 28.37 
573. 554. 535. 517. 498. 479. 28.07 
711. 678. 645. 612. 580. 547. 27.58 
829. 779. 728. 678. 628. 578. 27.20 
794. 732. 670. 608. 547. 485. 26.92 
1022. 922. 822. 722. 622. 521. 26.65 
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21 FEB 63 18.15 E S T  
Z D 
140000. 1 .369E+05 




23 MAY 63 19.45 EST 
Z D 
175000. 1.703E+05 


















9.83 1 E-05 
2.387E-05 
1.397E-05 -. 
TEMPERATURES M . V T  . 
867. 760. 654. 547. 441. 334. 27.20 
377. 365. 353. 340. 328.  316. 23 55' 
374. 358. 342. 325. 309. 29.3. 20.32 
709. 643. 577. 511. 445. 378. 27 58 
814. 714. 614. 514. 414. 314. 27 .20  
WALLOPS I SLAN D 
TEMPEEATUR E S M .  WT 
246. 1135. 1025. 915.  805. 694. 26 ,30  
311. 307. 304. 300. 296. 292. 28..51 
387. 381. 375. 369. 362. 356. 28.32 
492. 482. 471. 461. 451. 441. 28.07 
595. 580. 565. 550. 535. 520. 27.81 
076. 1016. 956. 896. 836. 776. 26.92 
131, 1030. 330. 831. 730. 630. 26.30 
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22 MAY 63 04.10 GMT CHURCH I LC 
Z D DPPP TEMPERATURES M."T 
124000. 1.216E+O5 1.490E-04 544. 492. 440. 388. 336. 284. 27.85 
106000. 3.590E+06 6.777E-04 280. 269. 253. 246. 235. 224. 28 72 
110000. 9.900E+06 3.491E-04 413. 392. 370. 340. 326. 304. 28 56 
117000. 2.720Ei.07 1.76OE-04 587. 544. 501. 458. 416. 373. 23.22 
124000. 3,430E47 1.49OE-04 523. 473. 423. 373. 323. 273. 27.8' 
22 MAY 63- 07.31 GMT CHURCHILL 
Z D DPPP TEMPERATURES M WT 
124000. 1.216E45 1.381E-04 544. 492. 440. 383. 336 284. 27 ar* 
23 
08000. 5.860E46 4.965E-04 352. 338. 323. 309. 295. 280. 28.64 
12000. 8.710E+06 3.791E-04 358. 340. 321. 302. 284. 26s. 28-47 
16000. 1.330E+07 2.8405-04 375. 350. 325. 301. 276. 251. 28.27 
18000. 2,060E47 2.114E-04 452. 419. 386. 352. 319. 286. 28.17 
24000. 3,84OE+07 1.381E-04 523. 473. 423. 373. 323. 273. 27.86 
MAY 63 04.13 GMT CHURCHILL 
Z D DPPP TEMPERATURES M.WT. 
136000. 1.331E+05 6.689E-05 733. 680. 627. 574. 521. 468. 27.33 
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PROPOSED TRANSITION MODEL ATMOSPHERES AND PROBLEMS ASSOCIATED 
WITH THEIR GENERATION 
I In t roduct ion 
A t  a recent meeting of t he  Committee f o r  t h e  Extension of t h e  Standard 
I Atmosphere (COESA) (January 20-23, 1965), t h e  Jacchia- type models 113 w e r e  
adopted a s  a b a s i s  f o r  t h a t  po r t ion  of the proposed pub l i ca t ion  U. S. Standard 
Atmosphere Supplements 1965 desc r ib ing  t h e  atmosphere above 120 k i lome te r s  a l -  
t i t u d e .  
adopted f o r  t he  reg ion  below 90 ki lometers  a l t i t u d e .  A working group of which 
the  writer is a member w a s  d i r e c t e d  t o  s e l e c t  a set of t r a n s i t i o n  atmospheres 
t o  r i g o r o u s l y  connect t he  Cole-Kantor models t o  the  Jacchia  models. The ac- 
companying graphs and t a b l e s  r ep resen t  one poss ib l e  s e t  of such t r a n s i t i o n  
models. 
A t  a previous meeting of COESA, t h e  Cole-Kantor models E21 had been 
This set i s  a kind of minimum-confusion set i n  t h a t  each t r a n s i t i o n  model 
is cha rac t e r i zed  by a mesopause isothermal reg ion ,  connect ing d i r e c t l y  o r  in -  
d i r e c t l y  t o  the  r e l a t e d  Cole-Kantor Model, and by a s i n g l e  p o s i t i v e  va lue  of 
temperature g rad ien t  between t h i s  isothermal  reg ion  and t h e  base of t h e  Jacchia  
models. I n  some ins t ances  minor adjustments were made t o  t h e  Cole-Kantor models 
i n  the  r e g i o n  of nega t ive  temperature grad ien t  d i r e c t l y  below the mesopause i s o -  
thermal l aye r .  
P re sen ta t ion  of t h e  Models 
The s o l i d - l i n e  p r o f i l e s  of Figure 1 rep resen t  t he  d e f i n i n g  temperature- 
i a l t i t u d e  r e l a t i o n s h i p s  of t he  proposed t r a n s i t i o n  models A through G ( inc luding  t h e  adjustments t o  the  Cole-Kantor models) f o r  mean January and J u l y  cond i t ions ,  
f o r  each of t he  l a t i t u d e s  30°N, 4 5 O N ,  and 60°N, a s  w e l l  a s  f o r  t he  annual aver-  
Cole-Kantor models t o  which t h e  t r a n s i t i o n  atmospheres must connect a t  about 
89 km/ o r  a t  some lower a l t i t u d e  i n  t h e  case of models F and G. 
I age cond i t ions  a t  1 5 O N .  The dashed-l ine ex tens ions  r ep resen t  t he  corresponding 
I 
I The s o l i d - l i n e  p r o f i l e s  of Figure 2,  models H and I, r ep resen t  t h e  t r a n s i -  
t i o n  models r e l a t e d  t o  t h e  Cole-Kantor models f o r  60°N cold  and 60°N warm, which 
a r e  s i m i l a r l y  shown as dashed l i n e s  both above and below t h e  lowest  a l t i t u d e  of 
t he  s o l i d - l i n e  p r o f i l e s .  I 
Complete t a b l e s  of k i n e t i c  temperature T, molecular s c a l e  temperature  TM, 
I molecular weight M, dens i ty  p,  geometric pressure  s c a l e  he igh t  H, and geopoten- t i a l  p re s su re  s c a l e  h e i g h t  H/, as a func t ion  of both geometric a l t i t u d e  Z and 
geopo ten t i a l  a l t i t u d e  h ,  a r e  given f o r  each t r a n s i t i o n  model i n  t h e  s e c t i o n  
Tables of t h e  Trans i t i on  Models. 
a l t i t u d e  is given i n  Figure 3. 
, Percent depar ture  of t h e  d e n s i t y  of t hese  
I 
I models from t h a t  of the  U. S. Standard Atmosphere a s  a func t ion  of geopo ten t i a l  
The a l t i t u d e  va lues  of the  base of  the mesopause i so thermal  l a y e r s  of 
each model a r e  i n t e g r a l  mu l t ip l e s  of one geopo ten t i a l  k i lometer  (km/). The 
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t- 
E: 30.N JANUARY 
F: 45.N JANUARY 
G: 60.N JANUARY 
ATMOSPHERES 
ATMOSPHERES 
_---- COLE - KANTOR SUPPLEMENTARY 
- PROPOSED TRANSITION 
MOLECULAR SCALE TEMERATURE (OK) 
Figure 1. Defining temperature-altitude profiles for seven proposed tran- 
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I \  
I \  
I \  
H: 60. N COLD 
I : 60. N WARM 
ATMOSPHERES 
----- COLE- KANTOR SUPPLEMENTARY 
- PROPOSED TRANSITION ATMOSPHERES 
) 180 200 220 240 260 260 300 320 360 380 400 
MOLECULAR SCALE TEMPERATURE CK) 
Figure 2. Defining temperature-altitude profiles for two proposed transition 



























A :  15ON ANNUAL 
6: 30°N JULY 
D: 60°N JULY 
E; 30°N JAN 
F :  45ON JAN 
G: 60°N JAN 
C:  4S0N JULY 




.gure  3. 
OlCAl24-850 
I I 1 I 1 
-40 
CENTAGE 
P e r  cen tag  
of t h e  U.  
-20 0 20 40 60 
DEPARTURE OF DENSITY FROM U.S. STANDARD 
ATMOSPHERE 
,e d e p a r t u r e  of t h e  d e n s i t y  of v a r i o u s  models from t h a t  
S. Standard  Atmosphere v e r s u s  g e o p o t e n t i a l  a l t i t u d e .  
altitude of the breakpoint at the top of this isothermal layer for each model 
is a seven-significant-figure number resulting from the solution of Equation 
(ll), and is the only altitude at which the breakpoint may occur for the par- 
ticular set of adopted boundary conditions. This altitude designated by x is 
given in the heading of the tabulation of each model along with the value of 
the positive gradient of temperature above x. The value and altitude range of 
any negative gradient given in the heading represent an adjustment in the al- 
titude range of the existing gradient or in the size of the gradient from that 
of the Cole-Kantor models. In addition, the positive temperature gradient from 
x to the base of the Jacchia models expressed in terms of the corresponding 
gradient of geopotential pressure scale height with respect to h is also listed 
in the heading. 
Compatible System for Defining Gradients of Temperature 
with Respect to Altitude 
The Cole-Kantor models are defined as linear functions of temperature with 
respect to geopotential altitude h, after the manner of the U. S. Standard At- 
mosphere, 1962 [31. Since these supplementary atmospheres are limited to al- 
titudes below 90 km, where molecular weight is constant, and consequently where 
the temperatures TM and T are identical, the Cole-Kantor temperatures may be 
taken to be either TM or T. For this study TM was used so that existing gra- 
dients of Txwith respect to h in the Cole-Kantor models could be extended as 
required above 90 km without first defining molecular weight as a unique func- 
tion of altitude. 
The Jacchia models are tabulated in terms of kinetic temperature and geo- 
merric altitude, 5ut since molecular weight is simultaneously tabulated, with 
a value of 26.90 at 120 km, the molecular scale temperature is implied. When 
the base level of these models (Za = 120 km) is suitably transformed to geo- 
potential ha, it becomes possible to specify gradients of TM with respect to 
h which terminate identically at the base of the Jacchia models. The further 
assumption of some reasonable altitude-dependent function of M such as a linear 
decrease of molecular weight between 90 geometric kilometers and Za the base of 
the Jacchia models, after the manner of 
M(Z) = Mo + ('i,"" - - 90 (z - go) , 
permits one to transform the traneition-model values of TM to values of T as 
a function of geometric altitude after all other calculations have been made. 
Thus, values of kinetic temperature may be made continuously available from 
the top of Jacchia's models down to sea level. 
The Cole-Kantor models, defined in terms of geopotential, are specified 
for four latitudes 15ON, 30°N, 45ON, and 60°N. For each latitude a different 
relationship exists between geopotential and geometric altitude, in accordance 
with the latitude variation of the effective earth's radius rd) and the sea-level 
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value  of the a c c e l e r a t i o n  of  g r a v i t y  g@.  Consequently,  f o r  any p a r t i c u l a r  
va lue  of Z ,  t h e r e  i s  a d i f f e r e n t  va lue  of h f o r  each l a t i t u d e  i n  accordance 
wi th  the  r e l a t i o n s h i p  
= r @ ~  (g@)o 
r@ + Z 9.80665 ' 
Here va lues  of r@ and g@ a r e  the  e f f e c t i v e  e a r t h  r a d i u s  and the  s e a - l e v e l  
va lues  of t h e  a c c e l e r a t i o n  of g r a v i t y  f o r  va r ious  l a t i t u d e s  a s  given by 
Smithsonian Meteorological  Tables [41. These a r e  reproduced i n  Table 1 f o r  
t h e  four  spec i f i ed  l a t i t u d e s  a long  with t h e  corresponding va lues  of h f o r  
Z = 120 km. 
Table 1 
Values of E f f e c t i v e  Ea r th ' s  Radius, Sea-Level Value of Acce le ra t ion  
Funct ion of La t i t ude  
of Gravi ty ,  and Geopotent ia l  f o r  Z = 120 km a s  a 
La t i tude  r@ (km) (g@ ), h f o r  Z = 120 km 
15ON 6 , 337.838 9.78381 
30°N 6 , 345.653 9.79324 
45ON 6,356.360 9.80665 





The Jacchia  models, def ined  i n  terms of a s i n g l e  va lue  of T,  My and p a t  
Z = 120  km, i n d i c a t e  no s p e c i f i e d  l a t i t u d e  dependence f o r  t h e  120 km l e v e l  
and consequently imply no s p e c i f i c  r e l a t i o n s h i p *  between Z and h a t  t h a t  
l e v e l .  
Since these Jacchia  models must be merged r i g o r o u s l y  i n t o  each of t he  
Cole-Kantor models, a d i f f e r e n t  Z-tcrh t ransformat ion  must be app l i ed  f o r  
each l a t i t u d e  i n  ques t ion .  Thus, t h e  s i n g l e  geomet r i c -a l t i t ude ,  n o - l a t i t u d e  
po in t  r ep resen t ing  the  base of the  Jacchia  models assumes four  d i f f e r e n t  
va lues  of geopotent ia l  i n  accordance with t h e  four  d i f f e r e n t  l a t i t u d e s  a s  i n -  
d i ca t ed  by the values  i n  Table 1 and by t h e  four  t e rmina t ion  p o i n t s  a t  t h e  
uppe r  end of the t empera tu re -a l t i t ude  p r o f i l e s  shown i n  Figure 1. 
When e i t h e r  T o r  TM of the  t r a n s i t i o n  models a r e  p l o t t e d  a s  a func t ion  
of Z ,  t h e  l i n e  segments a r e  no t  s t r a i g h t  except  i n  the  i so thermal  reg ions  
* 
See Sec t ion  e n t i t l e d  " Impl ica t ion  of Gravi ty  V a r i a t i o n  wi th  Lat i tude" f o r  d i s -  
cuss ion  of i ncons i s t enc ie s  i n  applying the  Jacchia  models t o  l a t i t u d e s  o t h e r  
than 45'. 
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below 90 km, but they all merge into a common point at Z = 120 km as in Fig- 
ure 4 ,  where the temperature-altitude profiles of Models A ,  I), and G previously 
shown in Figure 1 are replotted in terms of T and Z. 
The quantity geopotential pressure scale height is introduced as a boundary- 
condition value for reasons of simplicity of notation in a subsequent equation, 
so that the explicit presence of three constants in the form of R/G M, can 
be eliminated. It is emphasized that the geopotential pressure scale height 
must be employed in contrast to geometric pressure scale height H since the 




Compatible Boundary-Condi tion Values 
Each of the transition models comprises an internally consistent set of 
values of h ,  p, and TM (or pressure scale height H/ which is directly propor- 
tional to TM) which values satisfy the equation of state, the hydrostatic 
equation, and a set of boundary conditions. The boundary conditions consist 
of a set of values of h, p, and TM for the upper end of the transition models, 
and a similar set for the lower end of the transition models. The upper-end 
values designated by ha, Pa, and (“&a are the corresponding values of the 
Jacchia models. 
corresponding values of the Cole-Kantor models or are derived directly from 
the Cole-Kantor models. 
I 
The lower-end values designated by hb, Pb, and (TM)b are the 
The Jacchia-model values of T and Mat Z = 120 km are T120 = 355OK and 
M120 = 26.90. 
lated boundary-layer value of TM by means of the relationship 
These imply a value (T~)120 = (TM), = 382.243930K, as the re- 
T T M = ~  Mo , (3) 
where M, = 28.9644 when carried to six significant figures from the data in 
Table 1.2.7 of the U. S. Standard Atmosphere, 1962. 
I 
lhe corresponding value of geopotential pressure scale height, and consequently 
an alternative boundary-condition value, is seen to be = 11.18876 km’, ac- 
cording to the relationship 
where G M , / R  is taken to be exactly 34.1632 OK/km/. 
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2 
involves  the  v a r i a b l e  g@,  and hence, TM and H a r e  n o t  d i r e c t l y  propor t iona l .  
The va lue  of g@ is  given by 
where va lues  of r@ and (g@), a r e  given in  Table 1 according t o  the  l a t i t u d e .  
Thus, t he  upper- level  boundary condi t ions  f o r  t h e  t r a n s i t i o n  model c o n s i s t  
o r  of (T ) a ,  the Jacchia  va lue  of the following: 
of d e n s i t y  a t  120 km (geometric),  i .e . ,  pa = .24610 x 10-t grams per  cubic  
meter ( in  accordance wi th  t h e  u n i t s  of the Cole-Kantor atmospheres),  and the  
four  va lues  of h of Table 1, each be ing  the  equ iva len t  of 2 = 120 km a t  a spec- 
i f i e d  l a t i t u d e .  These va lues  a r e  summarized i n  r e l a t i o n  t o  the  app l i cab le  
l a t i t u d e s  i n  Table 2 .  
t h e  above l i s t e d  value of HL 
The lower- level  boundary condi t ions  des igna ted  by s u b s c r i p t  b s t e m  d i r e c t l y  
from s e l f - c o n s i s t e n t  sets of values  of TM (and hence HI), p and h a t  some a l t i -  
tude i n  each of t h e  Cole-Kantor models. For f i v e  of t he  t r a n s i t i o n  models which 
connect i d e n t i c a l l y  t o  the  upper end of the corresponding f i v e  Cole-Kantor 
models, t h e  lower- level  boundary condi t ions assumed a r e  those  e x i s t i n g  a t  t he  
79 km' l e v e l  (i.e.,  a t  t h e  base  of t h e  mesopause i so thermal  l aye r )  of t h e  ap- 
p r o p r i a t e  Cole-Kantor models. ( A t  t he  t i m e  of t h e  i n i t i a l  c a l c u l a t i o n s ,  it 
was no t  known whether t h e  top  of the isothermal  l a y e r  i n  the  t r a n s i t i o n  atmos- 
pheres would be above o r  below the  top of t h e  Cole-Kantor models. Hence, c a l -  
c u l a t i o n s  i n  a l l  ca ses  were made from the base  of t h e  i so thermal  l aye r  r a t h e r  
than from t h e  top.)  The f i v e  models f o r  which t h i s  s i t u a t i o n  p r e v a i l s  a r e  
Model A 15'N Annual 
Model B 30°N J u l y  
&del  C 45'N J u l y  
Model D 60°N J u l y  
Model E 30°N January 
The boundary-condition values  % o r  (TM)b, pb, and hb f o r  t he  base  of the  
mesopause i so thermal  l aye r  f o r  each of these t r a n s i t i o n  models a s  w e l l  a s  those  
of t he  remaining t r a n s i t i o n  models F through I a r e  given i n  Table 2. 
T rans i t i on  Model Theory 
In genera l  i t  is  no t  poss ib l e  t o  take an  a r b i t r a r y  densi ty- temperature-  
a l t i t u d e  po in t  and r igo rous ly  connect i t  to an e x i s t i n g  model a t  some o the r  
a l t i t u d e  without  inc luding  an  isothermal  layer  of unspec i f ied  th ickness  some- 
where wi th in  the  t r a n s i t i o n  region. The p o s s i b i l i t y  of j o i n i n g  t h e  Jacchia  
models t o  t h e  Cole-Kantor models exists by v i r t u e  of t h e  presence of t h e  meso- 
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The problem the re fo re  i s  t o  extend the mesopause isothermal  l a y e r  upward 
t o  some geopo ten t i a l  a l t i t u d e  x where the dens i ty  w i l l  be p, such t h a t  a s i n -  
g l e  l i n e a r  segment of TM versus  h with grad ien t  LM = (TM)a-(TM)b/ha-X w i l l  
cause t h e  d e n s i t y  t o  decrease exac t ly  from px t o  pa, w i th in  the  a l t i t u d e  in-  
t e r v a l  ha - x. 
from hb t o  x wi th in  an  isothermal  l a y e r  is g iven  by 
The decrease o f d e n s i t y  from pb t o  px a s  a l t i t u d e  inc reases  
For an a l t i t u d e  r eg ion  wi th in  which dTM/dh o r  
i n  dens i ty  from pa t o  px a s  a l t i t u d e  decreases  
dH/dh i s  cons t an t ,  the inc rease  
from ha t o  x is given by 
Al - x \  
Equation (8) implies  t h e  fol lowing l i n e a r  r e l a t i o n s h i p  of TM versus  h f o r  a l -  
t i t u d e s  between x and ha: 
where 
Since P, must be t h e  same from both Equations (7) and (8) i n  order  tha t  t h e  
d e n s i t y  and temperature p r o f i l e s  both may be cont inuous,  w e  equate  the  co r re -  
sponding s e c t i o n s  of each of t hese  expressions ( the  s c a l e  he igh t  ve r s ion  is 
used h e r e )  t o  o b t a i n  an equat ion i n  which x i s  the  only unknown: 
The s o l u t i o n  of Equation (11) f o r  x y i e lds  the  va lue  of t he  only  poss ib l e  in -  
t e r f a c e  level between an isothermal  layer  wi th  base - l eve l  va lues  hb, (TM)b and 
pb and a s i n g l e  pos i t i ve -g rad ien t  layer  wi th  upper- level  va lues  ha,  (TEl)a, and 
pa. 
pu te r  and a program which, involv ing  Equations (1) through (10) s imultaneously 
determines the  var ious  atmospheric p rope r t i e s  of t h e  model. These cons idera-  
t i o n s  completely determine the  t r a n s i t i o n  models A through E. 
Equation (11) is solved by numerical methods wi th  an  IBM 1620 D i g i t a l  Com- 
6 3  
Modif icat ions t o  Some of t h e  Cole-Kantor Models 
Trans i t ion  Models A through E extend cont inuous ly  from the  top of t he  
Cole-Kantor models without  modifying these  i n  the  s l i g h t e s t .  Each of t he  r e -  
maining t r a n s i t i o n  models involves  some modi f ica t ion  of t h e  upper end of the  
corresponding Cole-Kantor model. In  the  development of Model F f o r  45ON Janu- 
a r y ,  t he  isothermal  l aye r  of the  Cole-Kantor model from 79 km' t o  89 km/ a t  
210.15'K was e l imina ted ,  and the  nega t ive  g rad ien t  of -2.1°/km/ of t he  next -  
lower l aye r  was extended from 79 t o  86 where a new iso thermal  l aye r  a t  195.45OK 
is  begun. If the  t r a n s i t i o n  model were t o  be b u i l t  upon the  o r i g i n a l  i s o t h e r -  
mal l a y e r ,  i t  would have t o  extend upward about  30 km/ t o  109.49597 kml where 
a g rad ien t  of about 20.78O/km/ would begin.  
The proposed modi f ica t ion  of t h e  Cole-Kantor model reduces t h e  r equ i r ed  
th ickness  of t he  isothermal  l a y e r  t o  about 16 km/ and reduces the  succeeding 
p o s i t i v e  grad ien t  t o  about 12O/km/. With t h i s  modi f ica t ion ,  t h e  va lues  of pb 
and (TM)b for  hb = 86 km' a r e  not  a v a i l a b l e  from an e x i s t i n g  t a b l e  and i t  i s  
necessary t o  genera te  these  values  from the  da t a  app l i cab le  t o  some lower a l -  
t i t u d e  of the Cole-Kantor models. In  the  case  a t  hand, t he  base of t he  a l t i -  
tude reg ion  f o r  which the  g rad ien t  i s  -2.1°/km, i . e . ,  64 km/ becomes hbb the  
r e fe rence  l e v e l .  
of TM a t  l eve l  hbb, become secondary boundary condi t ions  f o r  an  i n i t i a l  c a l -  
c u l a t i o n  from which the  primary boundary cond i t ions  a r e  obtained.  
(TM)b f o r  hb = 86 km/ a r e  determined by the  express ions  
The q u a n t i t i e s  pbb and (TM)bb, a s  w e l l  a s  the  value of p and 
Thus pb and 
G * M  
(TM) b 
'b - 'bb [ (TM)bb ] l + R ' I b b  , - 
and 
where h b  i s  the  e x i s t i n g  (or the  ad jus t ed )  g rad ien t  i n  the  l aye r  immediately 
below the  mesopause isothermal  l a y e r ,  which g rad ien t  f o r  t he  case  i n  ques t ion  
has  a value of -2.1°/km/. 
The r e l a t e d  va lues  of pbb, (TM)bb, hbb, and Lbb f o r  Model F a r e  presented  
i n  the  lef t -hand s e c t i o n  of Table 2 while  t h e  der ived  r e l a t e d  va lues  of pb, 
(TM)b, Hi, and hb a r e  given i n  the  mid-port ion of t h a t  t a b l e  along with va lues  
p a ,  ( T M ) ~ ,  Ha/, and ha ,  i n  t he  r ight-hand s e c t i o n .  The a p p l i c a t i o n  of Equation 
(11) determines the  va lue  of x which leads  t o  p r o f i l e  F shown i n  Figure 1. The 
depar ture  of Model F from the  o r i g i n a l  Cole-Kantor model i s  shown by a compar- 
i son  of s o l i d  and dashed l i n e s .  
The Cole-Kantor model f o r  60°N January has  no mesopause isothermal  l a y e r  
b u t  r a t h e r  terminates  a t  88.858 km/ with a TM va lue  of 218.3488'K above a 
r eg ion  def ined by a g rad ien t  of -1.4O/km/ which extends upward from 69 km'. 
I f  t h i s  grad ien t  i s  extended t o  exac t ly  89 km/ where the  temperature would be 
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218.15OKY and an i so thermal  l a y e r  a t  t h i s  temperature i s  e s t a b l i s h e d  f o r  t h e  
t r a n s i t i o n  atmosphere, t he  boundary condi t ions r e q u i r e  t h a t  t he  isothermal  
l a y e r  be  extended f o r  about 26 km/ t o  114.73827 km/ where an  u n r e a l i s t i c a l l y  
l a r g e  g r a d i e n t  of 51.4138OK/km/ up t o  117.929 km/ would follow. 
t r i a l s  f i n a l l y  r e s u l t e d  i n  t h e  choice of a new g rad ien t  of  -2.6OK/km/ from 
69 km’ t o  86 km’ where an i so thermal  a t  201.95O i s  begun. Equations (12), 
(13) and (4) appl ied  t o  t abu la t ed  values a t  69 km/ i n  t h e  Cole-Kantor model 
produced t h e  necessary va lues  of pb, (TM)b, and 
Lbb = -2.6O/km/. 
appropr i a t e  va lues  of ha ,  pay  and %, a l l  l i s t e d  i n  Table 2, determine a n  i s o -  
thermal l a y e r  of about  18 km’ th ickness  from 86 km/ t o  104.43142 km‘, followed 
by a p o s i t i v e  g rad ien t  of 13.35533O/km/. The r e s u l t i n g  Model G and i t s  depar- 
t u r e  from the  Cole-Kantor model are shown i n  Figure 1. 
Numerous 
f o r  hb = 86 km/ and 
These values  then  introduced i n t o  Equation (11) wi th  t h e  
S imi l a r  t rea tments  have been appl ied  t o  the  60°N cold and 60°N w a r m  models 
r e s u l t i n g  i n  t r a n s i t i o n  models H and I r e s p e c t i v e l y ,  a s  depic ted  i n  F igure  2. 
Model H f o r  60°N co ld  was ad jus t ed  s o  t h a t  its p o s i t i v e  g r a d i e n t  i s  nea r ly  
i d e n t i c a l  t o  t h a t  of Model D f o r  60°N Ju ly ,  i . e . ,  9.09937O/kmf and 9.11176O/km/ 
r e s p e c t i v e l y .  S imi l a r ly ,  Model I w a s  ad jus ted  so t h a t  i t s  p o s i t i v e  g rad ien t  of 
13.94325O/km/ is i n  c l o s e  agreement with 13.35533O/km/ of Model G f o r  60°N 
January.  The temperatures of t h e  isothermals  f o r  Models I and G a r e  also q u i t e  
c l o s e  200.65 and 201.95O re spec t ive ly .  
proved by a s l i g h t l y  more negat ive  grad ien t  i n  Model I below 79 km, b u t  t h e  
e x t r a  e f f o r t  d i d  n o t  s e e m  worthwhile. 
This agreement could poss ib ly  be im-  
Choice of P rope r t i e s  Tabulated i n  the  T r a n s i t i o n  Models 
The t abu la t ed  t r a n s i t i o n  models a r e  intended t o  match no t  only tho, hsucd- 
“‘41 cond i i ions  of the Jacchia  and t h e  Cole-Kantor models b u t  a l s o  ought t o  
match the  conten t  of t h e  two sets of adjoining models. Table 3 shows a com- 
p a r a t i v e  l i s t i n g  of t h e  conten ts  of each of t h e  t h r e e  models. 
It is  apparent  t h a t  the  e x i s t i n g  format of t h e  t r a n s i t i o n  models does n o t  
q u i t e  meet the  cond i t ion  of inc luding  a l l  t h e  t a b u l a t i o n s  of both the  Jacchia  
models and the  Cole-Kantor models. 
The t r a n s i t i o n  models inc lude  TM and H‘. E i t h e r  i t e m  can se rve  a s  t h e  
TM i s  omit ted from t h e  Cole-Kantor models 
de f in ing  proper ty  of t h e  t r a n s i t i o n  models, a l though n e i t h e r  i s  e x p l i c i t l y  
included i n  the ad jacen t  models. 
s i n c e  t h e s e  models are l imi t ed  t o  a l t i t u d e s  below 90 km where M = M, and 
consequent ly  w h e r e . T ~  = T; hence the  s p e c i f i c  i nc lus ion  of TM i n  t h e  Cole- 
Kantor models is  unnecessary. 
Values of HI are included i n  t h e  t r a n s i t i o n  model s i n c e  t h e s e  a c t u a l l y  
served t o  de f ine  t h e  model through Equation (6) ,  a l though Equation (6) could 
have been w r i t t e n  i n  terms of TM ins tead .  In  a d d i t i o n ,  va lues  of H/ are  i n -  
dependent of l a t i t u d e  whereas values  of H a r e  l a t i t u d e  dependent i n  t h e  f o u r t h  
s i g n i f i c a n t  f i g u r e  and, a s  noted i n  t h e  next s e c t i o n  which d i scusses  g r a v i t y  vari- 
t i o n ,  J acch ia ’ s  va lues  of H do  imply a 45’ l a t i t u d e .  It appears  t h e r e f o r e  t h a t  
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TABLE 3 
Comparison of t he  Tabulat ions of t he  Jacchia  models, t he  Cole-Kantor 
models,and t h e  Attached Proposed T r a n s i t i o n  Models as 
Regards t h e  Parameters Calcu la ted  
~ ~~ 





Geometric A l t i t ude  
Geopotent ia l  A l t i t u d e  
T T K ine t i c  Temperature 
TM 
M 
Molecular Scale Temp. 
Molecular Weight 
Pressure  P 
P Density P 
H Geometric Pressure 
Sca le  Height 
Geopotential  Pressure  
Sca le  H e i g h t  
Number Density O2 
Number Density 0 
Number Density N2 
Number Density He 
Number Density H 
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values of H' f o r  t h i s  and o ther  reasons would be p re fe rab le  t o  values of H i n  
the supplementary-atmosphere tabulat ion of a Jacchia- type model, unless  sepa- 
r a t e  l i s t i n g s  of values  of H a r e  to  be given f o r  each l a t i t u d e .  
Values of pressure  are not  included i n  the t r a n s i t i o n  m d e l s ,  bu t  a column 
could be added i f  the  space between other columns w e r e  t o  be reduced, p a r t i c -  
u l a r l y  i f  values  of H w e r e  t o  be omitted. 
N u m b e r  d e n s i t i e s  of the  var ious species a r e  not  included i n  the  t r a n s i t i o n  
models pr imar i ly  because t h e i r  r a t i o s  a t  any given a l t i t u d e  do not  change s i g -  
n i f i c a n t l y  below 120 h. 
prope r t i e s  i n  I B M  1620 program without a separa te  pr in tout .  
In add i t ion ,  they could not  be added t o  the  o ther  
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Impl ica t ion  of Gravi ty  Var i a t ion  with La t i tude  
Jacchia ' s  va lues  of geometric p re s su re  s c a l e  h e i g h t  a r e  c a l c u l a t e d  us ing  
a va lue  of g determined on the  b a s i s  of an inverse-square- law r e l a t i o n s h i p  i n  
which the  sea- leve l  value i s  9.80665 and t h e  e f f e c t i v e  e a r t h ' s  r a d i u s  i s  
6.35677 x lo8 cm. Hence t h a t  parameter i s  i n  f a c t  t i e d  t o  a l a t i t u d e  of about 
45O 32' a s  ind ica ted  by Minzner, e t  a l .  151. The decrease  of p o r  number den- 
s i t y  of t he  various c o n s t i t u e n t s  wi th  inc reas ing  a l t i t u d e  i s  a l s o  r e l a t e d  t o  
the  va lue  of g rav i ty  employed i n  the  c a l c u l a t i o n s  and these  p r o p e r t i e s  too a r e  
t i e d  t o  a model f o r  only 45O 32' l a t i t u d e .  Thus, t he  assumption t h a t  t he  
Jacchia  model can i n  p r i n c i p l e  be t i e d  t o  t h e  Cole-Kantor models and can thus 
be  appl ied  t o  any l a t i t u d e  merely be proper ly  t ransforming Z t o  the  appropr i -  
a t e  va lue  of h i s  no t  r i go rous ly  c o r r e c t  except  a t  the  boundary l a y e r ,  i . e . ,  
a t  Z = 120 km, when the value of H i s  ignored. 
For any l a t i t u d e  o t h e r  than 45O, the  v a r i a t i o n  of g with Z is  d i f f e r e n t  
from t h a t  assumed by Jacchia  and values  of dens i ty  and number d e n s i t y ,  a s  de- 
termined by the s p e c i f i e d  temperature p r o f i l e s  should t h e r e f o r e  d i f f e r  i n -  
c r eas ing ly  from the  tabula ted  Jacchia  va lues  a s  a l t i t u d e  inc reases  from 120 km. 
The use  of the  Jacchia  models t o  deduce temperature  from dens i ty  observa- 
t i o n ,  o r  v ice-versa ,  a t  l a t i t u d e s  o the r  than 45O l a t i t u d e  i s  consequently sub- 
j e c t  t o  some e r r o r .  S imi l a r ly ,  supplementary atmospheres based on the  Jacchia  
c a l c u l a t i o n  above 120 km would involve s i m i l a r  small e r r o r s .  
In  the  l i g h t  of t h i s  discrepancy the re  appears  t o  be t h r e e  a l t e r n a t i v e s :  
(1) Use the  Jacchia  approach unmodified and accep t  the  e r r o r s  i n  dens i ty  
a t  l a t i t u d e s  o ther  than 45O. 
(2)  Recalculate  the  Jacchia  t a b l e s  t h r e e  a d d i t i o n a l  times each t i m e  with 
t h a t  g of Z func t ion  app l i cab le  t o  15O, 30°, and 60° l a t i t u d e .  This would in-  
c r ease  the  bulk of t h a t  p a r t  of t he  t a b l e s  fou r - fo ld .  
(3) Redefine the  Jacchia  temperature func t ions  i n  t e r m s  of geopo ten t i a l ,  
such a s  
T = T, - (T, - Th ) exp[- s ( h  - h a ) ]  
a 
and c a l c u l a t e  a s i n g l e  s e t  of d e n s i t i e s ,  number d e n s i t i e s  and s c a l e  h e i g h t s  
as a funct ion of geopo ten t i a l  f o r  each of the  comparable 30 temperature pro- 
f i l e s .  The value of ha could be f i x e d  a t  ha = 120 km' and aga in  30 pages of 
t a b l e s  would r e s u l t .  There would then be four  a d d i t i o n a l  columns each l i s t i n g  
the  geometric a l t i t u d e  a t  one of the  four  l a t i t u d e s  d e s i r e d ,  a s  a func t ion  of 
geopotent ia l ,  the  primary argument. In  o rde r  t o  g e t  t a b u l a t i o n s  i n  which the  
geometric a l t i t u d e s  f o r  each l a t i t u d e  were t o  be l i s t e d  f o r  exac t ly  those 
values  now used by Jacchia ,  t he  t o t a l  number of e n t r i e s  would have t o  be in -  
c reased  by four .  
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Of t h e  t h r e e  a l t e r n a t i v e s  (2) and (3) would be equ iva len t  i n  bulk through 
not  e x a c t l y  equ iva len t  i n  concept o r  i n  va lues  of dens i ty .  The proposed t r an -  
s i t i o n  models would apply i n  a l t e r n a t i v e s  (1) and (2) b u t  would have t o  be re- 
c a l c u l a t e d  i n  the  case  of a l t e r n a t i v e  (3) .  
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TABULATIONS OF THE T R A N S I T I O N  MODELS 
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)IC DEL A 
PROPERTIES OF TRANSITION ATMOSPHERE 
TROPICAL (1  5N) ANN TOO JACCHIA MODELS 
1SN ANN X = 98.04819 KM DEN X = .59161824E-03 GIM3 
GEOPOT SCALE HT AT I 17.4958 KM = 1 I .  18876, AT x KM - 5.3903031 
GRADIENT OF GEOP SCALE HT ABOVE x = .29815782~ 00 
GRADIENT OF MOL. TEMP. ZERO FOR H BTWN 79 AND X 
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11. l ss  
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MODEL B 
PROPERT I ES OF TRANS I T 10;; A’I”I3SPHE E 
SUBTROP (30N) JULY TOO JACCHIA MODELS 
30N JULY X = 96.70893 KM DEN X = .73761983E-03 G/M3 
GEOPOT SCALE i i T  A T  117.6118 KM = 11,18876 A T  X KM = 5.2732130 
GRADIENT OF GEOP SCALE HT ABOVE X = .28408Q70E 00 
G R A D I E N T  OF MOL, TEMP. ZERO FOR H BTWN 79 AND X 
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D E N S I T Y  G/M3 SCALE HT KPI 
GEOMET GEOPOT 
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MODEL C 
PROPERTIES OF TRANSITION ATMOSPHERE 
MIDLAT (45N) JULY TOO JACCHIA MODELS 
45N JULY X 95.46527 KM DEN X = .96182984E-03 G/M3 
GEOPOT SCALE HT AT 
GRADIENT OF GEOP SCALE HT ABOVE X - ,27300915E 00 
GRADIENT OF MOL. TEMP. ZERO FOR H BTWN 79 AND X 
GRADIENT OF MOL. TEMP. 9.32686 DEG/KM FOR H BTWN X AND 117.7765 
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11.18 l o -  704 
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MODEL D 
PROPERTIES OF TRANSITION ATMOSPHERE 
60N JULY X = 94.76273 KM DEN X = 11180513E-02 G/M3 
GEOPOT SCALE HT A T  
GRADIENT OF GEOP SCALE HT ABOVE X = .26671289E 00 
GRADIENT OF MOL, TEMP. ZERO FOR H BTWN 79 AND X 
GRADIENT OF MOL, TEMP. 9,11176 DEG/KM FOR H BTWN X AND 117.9299 
SUBARCT I C  (60N) JULY TOO JACCHIA MODELS 
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PROPERTIES OF TRANSIT ION ATMOSPHERE 
SUBTROP (3ON) JAN TOO JACCHIA MODELS 
30E! .JAN X = 100.47223 KM DEN X = .41142163E-03 G/M3 
GEOPOT SCALE HT AT 
GRADIENT OF GEOP SCALE HT ABOVE X = .32635346E 00 
GRADIENT OF MOL. TEMP. ZERO FOR H B M  79 AND X 
GRADIENT OF MOL. TEMP. 11.14927 DEG/KM FOR H BTWN X AND 117 .6 f fe -  
117.6118 KM = 11,18876, A T  X KM = 5.5952019 
ALTITUDE KM 
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PROPERTIES OF T R A N S I T I O N  ATMOSPHERE 
M I  DLAT (45N) JAN TOO JACCHIA MODELS 
45N JAN X = 102.55970 KM DEN X = 31126404E-03 G/M3 
GEOPOT SCALE HT AT 11 7.7765 KM = 11,18676, AT X KM - 5.7210682 
GRADIENT OF GEOP SCALE HT ABOVE X = .35931943E 00 
GRAD1 ENT OF MOL, TEMP, -2.1 FOR H BTWN 64 AND 86 
GRADIENT OF MOL, TEMP. ZERO FOR H BTWN 86 AND X 
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:?ODE L G 
PROPERT I ES OF TRANS I T  I ON ATMOSPHERE 
60N JAN X = 104.43142 KM DEN X - .23817473E-03 G/M3 
GEOPOT SCALE HT AT 117.9299 KM = KM = 5.9113313 
GRADIENT OF GEOP SCALE HT ABOVE X 
GRADIENT OF HOL. TEMP. -2.6 FOR H BTWN 69 TO 86 
GRADIENT OF MOL. TEMP. ZERO FOR H BTWN 86 AND X 
GRADIENT OF MOL. TEMP. 13.35533 DEG/KH FOR H BTWN X AND 117.9299 
SUBARCTIC (60N) JAN TOO JACCHIA MODELS 
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PROPERTIES OF TRANSITION ATMOSPHERE 
SUBARCTIC (60N) COLD TOO JACCHIA MODELS 
60N COLD X = 96.44558 KH DEN X = .74152773E-03 G/M3 
GEOPOT SCALE HT AT 117.9299 Kn 
GRADIENT OF GEOP SCALE HT ABOVE X = .26635016E 00 
GRADIENT OF MOL. TEMP. -3.6 FOR H BlWN 71 TO 90 
GRADIENT OF MOL, TEMP. ZERO FOR H B W N  90 AND X 
GRADIENT OF MOL. TEMP. 9.09937 DEG/KM FOR H BTWN X AND 117,9299 
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PROPERT I ES OF TRANS I T I  ON ATMOSPHERE 
SUBARCTIC (60N) WARM TOO JACCHIA MODELS 
60N WARM X = 104.90612 KM DEN X = .22741341E-03 G/M3 
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GRADIENT OF MOL. TEMP. 13.94325 DEG/KM FOR H BTWN X AND 117.9299 
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APPENDIX 
Summary of t h a t  work accomplished under Contract No. NASw-976 which has 
been previously published i n  GCA Corporation Technical Reports. 
This s ec t ion  cons i s t s  of b r i e f  summaries of previously published GCA 
Corportaion r epor t s .  
work of t he  o r i g i n a l  r epor t  and consis t  of :  
These summaries ind ica t e  the  d e t a i l  and scope of the  
(1) Original  t i t l e  page, 
( 2 )  The o r i g i n a l  t a b l e  of contents ( i f  any), 
(3) Abstract ,  
( 4 )  L i s t  of references.  
I n  the  case of GCA TR 65-1-N, a r ep r in t  of the  e n t i r e  journa l  a r t i c a l  i s  
given. 
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ABSTRACT 
A method is presented whereby accurate temperature-altitude pro- 
files of planetary atmospheres may be determined from the number-density 
profiles of two inert gases having markedly different molecular weights 
M. In the earth's atmosphere, such gases would preferably be helium and 
argon. In contrast to previous methods in which mass-density profiles 
permitted the calculation of only the ratio T/M at altitudes sufficiently 
below the highest altitude of density data, the two-gas method yields 
values of kinetic temperature T, not only at low altitudes where number- 
density data for both gases exist, but also up to the greatest altitude 
for which the light-gas number-density data have been measured. 
method depends upon recently developed mass spectrometers with detection 
sensitivities of rbe order of 1c5 particles per cubic  centimeter. 
The 
A rigorous error analysis predicts the accuracy of the resulting 
temperatures on the basis of sensor and telemeter characteristics, and 
allows for optimizing any actual experiment as far as range and number 
of measurements are concerned. 
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Unusually low values of temperature (about 156 +, 16 K) have been 
found to exist in the region of 100 km altitude over Eglin Gulf Test 
Range in Florida (30' 24'N, 86O 43' W) at 2315 hours GMT on December 7, 
1961. 
altitude data points over the altitude range of 97.8 km to 132.2 km, 
without the use of any independent temperature information. 
density data and their associated uncertainties were deducted from 
measurements of drag accelerations on a falling sphere of 2.74 meters 
diameter [l].* 
paper and numerical values of density p and its uncertainties 6p are 
summarized in Table 2 of that same paper. The uncertainties in tempera- 
ture which are dependent upon 5p have been calculated. From the extent 
of the temperature uncertainty, it is apparent that the temperature- 
altitude profile is well bounded for altitudes below 110 km, especially 
for the lower two kilometers of the profile, and these low mesopause 
temperatures are therefore indeed significant. 
These low temperatures have been determined from 50 density- 
The basic 
The data are shown graphically in Figure 19 of that 
*Numbers in [ ] throughout text indicate reference numbers. 
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Unusually low temperatures (about 156' 
f 16°K) were found in the region of 100-km 
altitude over Eglin Gulf Test Range, Florida 
(30°24'N, 86"43'W), at  2315 GMT, December 
7,1961. These low temperatures were determined 
from 50 density-altitude data points over the 
altitude range 97.8 to 132.2 km without the use 
of any independent temperature information. 
The basic density data and their associated 
uncertainties were deduced from measurements 
of drag accelerations on a falling sphere of 2.74 
meters diameter. The data are shown graphically 
in Figure 10 of a recent paper by Fa& et al. 
[1963], and numerical values of density p and 
its Uncertainties Sp are s&d in Table 2 
of the same paper. The uncertainties in tem- 
perature, which are dependent on Sp, have been 
calculated. From the extent of the temperature 
uncertainty, it is apparent that the temperature- 
n!~;tnde pr?mge & yell hnlrn&d fnr &it.lI&s 
below 110 km, especially for the lower 2 km of 
the profile, and these low mesopause temperatures 
are therefore indeed significant. 
The method for obtaining the temperature T, 
at  any altitude 2, involves the downward inte- 
gration of atmospheric mass density p with 
respect to Z from 2, to Z,, where 2, is the 
greatest altitude of usable data. The basic form 
of the equation for extracting the temperature 
information from the density-altitude data is a 
well-known relationship [EuemUrn, 1953; New&, 
1953; Champion and Minznm, 19631 based on 
the hydrostatic equation and the equation of 
state : 
where 
p. and pr are densities a t  altitudes 2, and Z,, 
respectively. 
To is the temperature at 2,. a is the mean molecular weight of the gas 
(considered to be constant). 
R is the universal gas constant. 
g is the acceleration of gravity. 
A t  fkst glance it would appear that the 
presence of To in (1) would prevent the evalua- 
tion of T,, since no information about To is 
available. It is seen, however, that when thc 
density-altitude gradient is negative, as it is in 
the atmosphere, the term (pdp,) T. becomes 
negligibly small  as altitude 2, is taken sacient ly  
below Z,, while the integral term approaches the 
full value of T,. The highest 15 to 20 km of 
massdensity data are consumed in essentially 
eliminating the To term, and the more reliable 
values of T, are determined only for lower 
altitudes; i.e., below 110 km for the data a t  hand. 
In dealing with real massdensity data of a 
multigas atmosphere where the acceleration of 
gravity and the mean molecular weight are 
variables with respect to altitude, it is convenient 
to introduce two transformations. First, the two 
variables T and are combined into a single 
new variable TM (molecular scale temperature) 
through the relationship Tar = (T/m Mol where 
Mo is the sea-level value of [Mimner and 
Ripley, 1956; Minzner et al., 1958, 1959; C h m -  
pion and MinnZe7,1963; United States Standatd 
Atmosphere, 19621. Second, the two variables 
g and Z are combined into a single new var- 
able h (geopotential) through the relationship 
G-dh = g-dZ, where G is a constant numerically 
equal to the sea-level value of g [HarrisOn, 1951; 
Mimner and Ripky ,  1956; Minzner et al., 1958, 
19591. In addition, the existence of the data in 
the form of discrete density-altitude points makes 
it desirable to introduce the trapezoidal rule for 
numerical integration. Together, these trans- 
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formations lead to 
(2) 
In this expression the density-data points are 
considered to be numbered consecutively so that 
the numbers increase downward from the point 
at  2, which is identically point a or point 1 .  
From this equation, TM is determined as a 
function of h in geopotential meters (m'), but, 
by a reverse transformation, the values of h are 
independently related to appropriate values of 
2, so that TM is finally available as a function 
of geometric altitude 2. 
I n  Figure 1, a series of five solid-line profiles 
of TM versus 2 computed from the data by means 
of (2) are compared with TM of the United States 
Standard Atmosphere  [ 19621. These five curves 
are representative of an infinite number of 
profiles which might be computed from the data,. 
each differing solely by virtue of the assumed 
value of (T,& at 132.2 km, the upper end of 
the useful available density data. Each of the 
series of five values of (Tna)a employed differs by 
200°K from the preceding value, with the range 
extending from 173.7"K to 973.7"K. The TM 
profiles are seen to  converge with decreasing 
altitude. 
Since any expected true value of TM at 132.2 
km should be well within the extremes of the 
five values of (TAr)a presented, the true T M  
versus 2 profile should also always lie between 
the extreme curves even at  low altitudes where 
these curves are separated by 10" or less. Thus, 
for altitudes below 110 km, the value of TM, 
without consideration for density uncertainty, 
appears to be bounded within narrow limits; 
40" at  110 km and 3" at 98 km. 
A rigorous error analysis based on the Gaussian 
method indicates that ( 6TM),, the uncertainty 
in (TM)r, is given by 
where (6TM), is the uncertainty in (TM) .  and 
In this expression, 6p,, 6 p j ,  and 6p, are the 
uncertainties in pa, p i ,  and pr ,  respectively. 
Like equation 1, the expression for the tem- 
perature uncertainty, equation 3 cannot be 
evaluated for altitudes near 2, owing to lack of 
information, in this instance, about ( 6TM),. The 
ratio ( p a l p l ) ,  however, again serves essentially 
to eliminate the need for the unknown quantity 
when 2, is sufficiently below 2,. This is illustrated 
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gr:i~~lUcdly 011 the basis of the previous assump- 
tion that (TM)o is within the range 173.7" to 
973.i" such that (aT,), must be less than 800", 
which is the separation of the extreme curves a t  
132.2 km. Under these conditions, (p,,/pr)(6TM)a 
must be less than the separation of these two 
curves a t  any altitude 2,. Therefore, it is 
apparent from the graph that, at 2, = 100 km, 
(pa / p , )  (XI',), is considerably less than 5". Under 
these conditions, (6TM), is approximately equal 
to f (u/p,) alone. 
For any of the assumed values of (TM), it is 
possible to compute values of =t(u/p,) versus Z ,  
over the entire altitude range of the data in 
order to evaluate the influence of density 
uncertainty alone on the five computed profiles. 
The positive half of this uncertainty component 
f ( u / p , )  for curve 5 is indicated by the upward- 
directed flags on curve 5, while the negative 
half of this uncertainty component for curve 1 
is indicated by the downward-directed ihga 
along this curve. For altitudes of 115 km and 
below, the values of =t(u/p,) appear to be 
reasonably s d  even for curve 5. Thus, con- 
sidering both the convergence of the TM versus 
Z profiles and the uncertainties *(u/p,), TM is 
well bounded for altitudes below 110 km. 
It is idso possibk io iewriit: (2j so that the 
reference level is at Zb,  the lowest altitude of 
available data, and the temperature at altitude 
2, is obtained by the upward integration of 
density from z b  to Z, .  Thus, 
(5) 
P b  and p .  are densities at altitudes Z b  and 2,. 
(TAf)b  is an unknown value of TM at altitude 
(T,). is the computed temperature at altitude 
The subscript s implies upward integration from 
Z b  to 2, to obtain (TM)., and for this equation 
the data points are numbered consecutively, 
increasing upward from the point a t  z b  which 
is identically point b or point 1. 
Again an infinite number of profiles of Tar 
versus 2 are possible, each associated with one 
where 
z b -  
2.. 
of an infulite number of possible choices of the 
unknown (Tdi)b. In this instance, however, the 
ratio (pb/p.) k always greater than 1, and the 
members of any pair of curves of Tar versus Z 
for different values of diverge with 
increasing altitude by the amount of ATb(pb/p.). 
Thus, any uncertainty in ( T J b  is also magnified 
by that ratio. Furthermore, both the ratio term 
and the integral term become very large as 2 
increases; hence the uncertainty in their differ- 
ence, and also in (TM)., increases beyond any 
useful knits. When the assumed value of (TM)b 
is 180" or 204.0" (the latter being equal to that 
of the United States standard atmosphere for 
Z b ) ,  equation 5 yields values of (TM). repre- 
sented by the dashed l i e s  which diverge rapidly 
from the United States standard values to 
unrealistically high values as 2 increasea above 
110 km. When (TM)b is taken to be successively 
151.4664", 152.2602", 153.0540", 153.8478", and 
154.6416", equation 5 develops identically the 
five solid-line curves computed by equation 2. 
The initial selection of a reference temperature 
of 153.05 f 1.59O, however, is most unlikely, 
and for that part of the atmosphere where the 
mean molecular weight is high, i.e. where N, 
and O2 are the predominant gases, it is apparent 
that equation 5 is useless. For high altitudes, 
however, where He or H, dominates the atmos- 
phere so that the mean molecular weight is small 
and the logarithm of the density-altitude gradient 
is proportionately reduced, we can show that it 
is better to develop the temperature-altitude 
profile upward from a moderately well-known 
( T M ) ,  by means of equation 5 than to work 
downward from a completely unknown (T,), 
by means of equation 2. 
This analysis shows the value of T ,  at 100 
km over Eglin Gulf Test Range to be 157 f 13"; 
at 97.8 km, TM is 152 f 9". From the shape of 
the curve, the second value appears to be 
essentially the mesopause minimu, although 
no data exist for lower altitudes during this 
flight. From the previously cited definition it is 
apparent that Tu is greater than T by a factor 
M o / M ,  the value of which varies with altitude 
essentially as shown in Table 1. This table was 
prepared using the values of M from the United 
States standard atmosphere [1962], and hence 
these values should be reasonably reliable, at 
least for altitudes 2 < 130 km. The related 
difference in degrees between Tu and T for the 
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TABLE 1. Values of Mo/M and (TM - 7') 
versus Altitude Z 
Z ,  km Mo/M,  dimensionless TM - T ,  deg K 
90 1 .ooo 0.00 
100 1 .OO3 0.47 
110 1.014 3 .6  
120 1.032 9 . 2  
130 1.050 25.2 
median curve (3) of Figure 1 is also given in 
this table. It is apparent that the difference 
between the plotted values of TM and the related 
values of T is small compared with the un- 
certainties in TM at all altitudes involved in this 
study. Thus, though the graph is strictly a plot 
of TM, it adequately represents kinetic temper- 
ature T for all practical purposes, particularly 
for the altitudes below 110 km. 
This mesopause temperature of 152" Kelvin 
is only 75% of the standard-atmosphere value 
and is low compared with the mean wintertime 
mesopause value for that latitude as indicated 
by Court et al. [1962]. Instances of similarly low 
mesopause temperatures have been observed on 
several other occasions: (a) over Wallops Island, 
38" north latitude, on June 20, 1963 (J. W. 
Peterson, private communication, 1964) ; (b)  over 
the Marshall Islands, 10" south latitude, on 
January 23, 1964 (Peterson, private communica- 
tion, 1964); (c) over Fort Churchill, 58" north 
latitude, on July 21, 1957 [Strowl et al., 19601; 
and (d) over Russia during the summer, year and 
latitude unspecified [Mikhnav'ch et al., 19571. 
Apparently, such low mesopause temperatures 
are not too unusual in tropical or semitropical 
regions at various seasons of the year, in contrast 
with arctic regions where low mesopause tem- 
peratures are generally observed only during the 
summer months. 
Summary and conclusions. 
1. In the absence of independent temperature 
information, a single profile of mass density 
versus altitude yields a TM versus altitude profile 
which does not depart drastically from a T 
versus altitude profile for altitudes below 130 km. 
2. The altitude range of reliable TM values 
extends from about 15 to 20 km below the 
greatest altitude of reliable density data down 
to the lowest altitude for which data are obtained. 
3. A temperature T of 152" f 10°K which is 
low in comparison with average mesopause 
temperature values is reported for 9&km altitude 
over Eglin Gulf Test Range, Florida. 
4. This value is similar to  other low values of 
the mesopause temperature observed at least 
four different times at different locations. 
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